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ABSTRACT 

During the service life of reinforced concrete (RC) slabs, damages and deteriorations can 

be caused due to overloading, aging, and corrosion. One of the reinforcement approaches is to 

add a steel plate on the bottom of a RC slab to enhance its flexural capacity. To make steel and 

concrete function more collaborative, epoxy is sometimes injected as adhesive into the 

interface between steel plate and concrete, together with anchor bolts. However, using epoxy 

as the adhesive will bring deterioration due to its aging and delamination on the interfaces. To 

prevent the failure of adhesives, we need to estimate the material property of epoxy, so that the 

extent of the aging of the adhesive material in service can be assessed through the historical 

data comparison. Ultrasonic Nondestructive Evaluation (NDE) is an advantaged approach to 

detect the delamination or the bonding quality of the layered medium. The elastic property of 

the adhesive material can also be estimated properly by obtaining the phase velocity of surface 

wave propagating in the layered medium through NDE test.  

This research proposes an effective approach to estimate the elastic property of epoxy layer 

in a steel-epoxy-concrete bonding layered medium based on the wave dispersion theory. The 

dispersion properties of different multi-layered media, including free steel plate, steel-epoxy-

concrete, steel-water-concrete, steel-spring-concrete, and steel-water-epoxy-concrete are 

analyzed in this study. Firstly, the boundary conditions are presented, and the dispersion 

equations are deduced and solved to plot the analytical dispersion curves, also the wave 

structure of different wave modes are obtained. Through a discussion about the influence 

factors to the modes and shapes of those dispersion curves, a clear understanding of wave 

dispersion in the steel-epoxy-concrete bonding layered medium is reached. Then, an ultrasonic 



 

NDE test on a casted steel-epoxy-concrete specimen is conducted following the idea of Spectral 

Analysis of Surface Waves (SASW), by which the experimental dispersion curves can also be 

plotted. Through the inversion process of the analytical and experimental dispersion curves, 

the elastic property of epoxy layer can be successfully estimated. Then based on the estimated 

elastic constants, wave propagation in the steel-epoxy-concrete layered medium is simulated 

using Explicit Finite Element Method (EFEM), from which the numerical dispersion curves 

are obtained. 

It has been decades since the steel plate strengthening method for RC slabs was applied on 

infrastructures, hence quite a lot of the strengthened slabs have already met the problems of 

material’s aging, layers’ delamination, or even worse: water’s invasion. If water penetrates into 

the top surface of a steel plate through an additionally damaged concrete slab, serious corrosion 

will be caused. Therefore, it is of great importance to detect the existence of water layer in the 

steel-concrete or steel-epoxy-concrete layered media and acquire information on thickness and 

distribution area of the invaded water layer. 

In this study, an ultrasonic multi-reflection approach through oblique incidence is 

developed for thin liquid layer detection. Firstly, the reflection factor equations are deduced, 

and the reflection and transmission coefficients of multi-layered media including a liquid layer 

are calculated theoretically. Four interfaces that would appear in the experimental study are 

emphasized: steel-water, water-steel, water-concrete and water-epoxy. Then, experiments on 

multi-layered configurations are conducted with different water layer thicknesses and bottom 

layer materials. By analyzing the experimental results, the existence of water layer can be 

clearly distinguished. The effects of incident angles, water layer thicknesses, and the material 

properties of bottom layer have been tested and presented with numbers of waveforms from 

the experiments on different multi-layered configurations. The explanation of those 



 

experimental phenomenon is given according to the reflection and transmission coefficients. 

Through comparison with the theoretical wave travelling time in the water layer, the thickness 

of the water layer can be estimated from the time interval of reflected wave groups. This 

method of water layer thickness estimation is tested with acceptable errors, whose possible 

causes are given. 

Moreover, an approach of identification of the region of the liquid layer beneath the solid 

layer is developed. The procedures of the identification approach are presented, and the relative 

NDE tests are conducted on the casted multi-layered specimen to confirm every step of the 

identification to be feasible. Two transducer approaching orientations for detecting the 

boundary of the liquid layer are tested: parallel approaching, in which the line of transmitter 

and receiver is parallel to the boundary; vertical approaching, in which the same line is vertical 

to the boundary. This identification approach of water layer’s region can be effectively applied 

in the practical detection as well. 

In summary, this research investigates the nondestructive evaluation of multi-layered 

media, in which two main objectives are included: to estimate the material property of epoxy 

layer in steel-epoxy-concrete layered media, and to detect water layer beneath the solid plate. 

Both the objectives have been achieved successfully through the theoretical research and the 

experimental work. 
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

During the service life of reinforced concrete (RC) slabs, damages and deteriorations can 

be caused due to overloading, aging, and corrosion. One of the reinforcement approaches is to 

add a steel plate on the bottom of a RC slab to enhance its flexural capacity, which is proven 

to be effective and low cost [Adhikary and Mutsuyoshi, 2002; Barnes et al., 2001; Vilnay, 1988; 

Taeljsten, 1997]. To make steel and concrete function more collaborative, epoxy is sometimes 

injected as adhesive into the interface between steel plate and concrete, together with anchor 

bolts [Shen et al., 2014; Ziraba and Baluch, 1995; Buyukozturk, 2004; Jones et al., 1982]. 

However, using epoxy as the adhesive will bring deterioration due to aging [Gélébart et al., 

2007; Plonka et al., 2004]. Many factors like moisture absorption [Ferguson and Qu, 2006; 

Xiao and Shanahan, 1997], temperature elevation [Kajorncheappunngam, 2002], oxidation 

[Lafarie-Frenot et al., 2006], and photochemical degradation [Monney, 1998], all can cause 

aging problem to epoxy, leading to the decline of elastic modulus [Hu and Sun, 2000; Ferguson 
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and Qu, 2006], and the decrease of stiffness and yield stress [Mailhot, 2005; Vallo, 1993]. Long 

time of aging will cause even worse consequence: delamination or debonding on the interfaces 

[Murray et al., 2003; Buyukozturk et al., 2004]. 

To prevent the failure of adhesives, we need to estimate the material property of epoxy, so 

that the extent of the aging of the adhesive material in service can be assessed through the 

historical data comparison [Gélébart, 2007]. However, to maintain the functionality of the 

strengthened structure, directly cutting the plate and collecting the material is not allowed. 

Recently the Nondestructive Evaluation (NDE) technique is applied frequently in multi-layered 

bonding materials and composite materials [Yuan et al., 2008; Hosten et al., 2001; Lobkis et 

al., 2000], in particular, for detecting the delamination or the bonding quality of the layered 

media. Furthermore, through obtaining the phase velocity of surface wave propagating in the 

media using NDE, the elastic property of the adhesive material can be estimated properly [Wu 

and Chen, 1996]. For a material with aging problem like epoxy, knowing its material property 

before the occurrence of severe deterioration is significant in engineering. Therefore, a feasible 

detection method for elastic property of epoxy layer in the steel-epoxy-concrete bonding 

layered media is in demand to be developed. 

If we call the estimation of epoxy’s material property for the steel-epoxy-concrete multi-

layered media is an early-time strategy for moderate-damaged structures, then for those 

structures of severe damaged state, we need to offer another proper evaluation method 

accordingly. It has been decades since the steel plate strengthening method for RC slabs was 

applied on infrastructures, hence quite a lot of the strengthened slabs have already met the 

problems of material’s aging, layers’ delamination, or even worse: water’s invasion. If water 

penetrates into the top surface of a steel plate through an additionally damaged concrete slab, 

serious corrosion will be caused [Kotyaev et al., 2014; Tachibana et al., 2014]. Therefore, it is 
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of great importance to detect the existence of water layer in the steel-concrete or steel-epoxy-

concrete layered media. Once the debonding starts, it will spread horizontally and enlarge 

vertical discontinuity between steel and concrete/epoxy. Then after the vertical deflection of a 

steel plate increases gradually, a catastrophic failure of RC slabs may happen at the final stage. 

Therefore, knowing the thickness and distribution area of the invaded water layer can help us 

to assess the severity of the debonding [Shen and Hirose, 2016].  

Ultrasonic Testing (UT) is recently used to evaluate flaws in layered media [Su et al., 2006; 

Kim et al., 2007]. It has also been applied for the detection of water layer in multi-layered 

media in relative low frequency range [Kotyaev et al., 2014; Tachibana et al., 2014]. However, 

the Fourier analysis of the waveforms in low frequency has not succeeded in detecting the 

water layer [Yanagihara et al., 2015]. In high frequency range, on the other hand, received 

waveforms become relatively simple due to the isolation of each waveform. It is expected that 

the existence of water layer may be detected from the analysis of reflected waves in layered 

media.  
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1.2 Objectives 

In this study, we will focus on the Ultrasonic Nondestructive Evaluation on the multi-

layered media, specifically, on the steel-concrete and the steel-epoxy-concrete layered media. 

There are two main objectives to accomplish as we introduced in the background: firstly, we 

will propose an effective nondestructive approach to estimate the elastic property of epoxy 

layer in a steel-epoxy-concrete bonding composite media based on the wave dispersion theory 

in layered media; secondly, we will utilize the multi-reflection effect of oblique incident 

ultrasonic wave in the liquid layer to detect the penetrated water beneath the steel plate, 

including the water layer’s existence, thickness and the distribution region. As we have already 

described, these two objectives are for two different damage levels of the steel plate 

strengthened RC slab. The former one is for the early or moderate damage level when the 

adhesive material’s aging just initiates or starts to become severe, and the latter one is for the 

serious damage level when the delamination or debonding already occurred and probably so 

did the invasion of water.  

Also, there are other objectives need to be achieved in this study: 

1) Develop an effective algorithm for large scale equation solving and roots searching for 

dispersion curves’ plotting. 

2) Find a proper experimental approach to obtain good ultrasonic surface wave signals 

with high coherence and stability. 

3) Develop an inversion process for material constants’ optimization according to the 

analytical and experimental dispersion curves. 

4) Simulate the wave propagation in the multi-layered specimen using Explicit Finite 

Element Method (EFEM) and obtain the numerical dispersion curve. 

5) Calculate the reflection and refraction coefficients of liquid layer contained multi-
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layered media. 

6) Conduct oblique incident ultrasonic testing on different multi-layered configurations 

and find the optimal incident angle range. 

7) Propose the identification approach of the region of water layer, and design effective 

testing procedures. 
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1.3 Organization of this Dissertation 

There are eight chapters in this dissertation.  

Chapter 2 is devoted for reviewing literatures related to this dissertation. It covers some 

important theoretical knowledge points and technical approaches which will be employed in 

this study. The related wave theories’ development and their recent applications are introduced, 

and several NDE approaches for detection of multi-layered media and their effects are briefly 

described.  

Chapter 3 focuses on the dispersion property of different multi-layered media, including 

free steel plate, steel-epoxy-concrete, steel-water-concrete, steel-spring-concrete, and steel-

water-epoxy-concrete. All these types of multi-layered media are discussed in this dissertation. 

For example, steel-epoxy-concrete for the material property estimation in Chapter 4, and other 

water layer contained types for liquid detection in Chapter 6 and Chapter 7. Here, we firstly 

present the boundary conditions, and deduce the dispersion equations, then solve the equation 

to get the analytical dispersion curves, and also obtain the wave structure of different wave 

modes. In the end, the knowledge of Scholte is given for explaining the dispersion curves more 

properly. 

Chapter 4 focuses on the material property estimation of multi-layered media. Firstly we 

discuss the influence factors to the modes and shapes of the dispersion curves. Then we conduct 

an ultrasonic NDE test on the casted steel-epoxy-concrete specimen following the idea of 

Spectral Analysis of Surface Waves (SASW), by which the experimental dispersion curves can 

also be plotted. Through the inversion process of the analytical and experimental dispersion 

curves, we can successfully estimate the elastic property of epoxy layer. Then based on the 

estimated elastic constants, we simulate wave’s propagation in the steel-epoxy-concrete 

layered media using Explicit Finite Element Method (EFEM), from which the numerical 
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dispersion curves are obtained.  

Chapter 5 turns the study back to the theoretical work again, focusing on wave’s reflection 

and refraction (transmission) in multi-layered media, which is the theory basis of the 

application in Chapter 6 and Chapter 7. We firstly deduce the reflection factor equation and 

then calculate the reflection and transmission coefficients of multi-layered (liquid layer 

included) media. Four interfaces that would appear in the following experiment are emphasized 

here: steel-water, water-steel, water-concrete and water-epoxy.  

Chapter 6 focuses on the water layer detection in the multi-layered media, specifically, the 

steel-water-concrete and steel-water-epoxy-concrete media. In this chapter, we develop an 

ultrasonic nondestructive approach based on obliquely incident ultrasonic wave’s multi-

reflection to detect liquid layer beneath a solid layer. Firstly, experiments on multi-layered 

configurations are conducted with different water layer thicknesses and bottom layer materials. 

By analyzing the experimental results, the existence of water layer can be clearly distinguished. 

Through comparison with the theoretical wave travelling time in the water layer, the thickness 

of the water layer can be estimated from the time interval of reflected wave groups.  

Chapter 7 is an extension of the topic in Chapter 6, to identify the region of the liquid layer 

beneath the solid layer. Firstly an approach of identification and its procedures are presented. 

Then the relative NDE tests are conducted on the casted multi-layered specimen to confirm 

every step of the identification to be feasible. 

Chapter 8 concludes the research with several points and gives some recommendations for 

the Ultrasonic Nondestructive Evaluation on the multi-layered media like the steel plate 

strengthened RC slab, and also provides some possible future developments of this research. 
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CHAPTER 2 

REVIEW OF RELATED LITERATURE 

2.1 Introduction 

Numbers of literatures have been reviewed about the theoretical research and technical 

nondestructive approach for multi-layered media. In the theoretical part, two research topics 

are included. The first one is about dispersion curves, which is the basis of almost all the 

researches about multi-layered media. It has been studied and calculated since decades ago 

[Ewing et al., 1957], but its application is still being widely employed in many ways. The 

second one is about reflection and refraction on the interfaces of multi-layered media. It is also 

a traditional field firstly been considered in optic science. However, using the phenomenon of 

multiple reflection and refraction in nondestructive detection is still rarely to be seen currently. 

In the technical part, three topics are mentioned: about material property estimation; about 

surface wave method; about leaky waves method. The material property estimation is one of 

the objectives of this dissertation, and the other two are the common used NDE approaches for 

multi-layered media. The reviewed literatures are the knowledge basis of this dissertation, also 

some kind of guidance to the objectives we have made. 
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2.2 Theoretical Research of Multi-layered Media 

Before conducting the nondestructive evaluation on multi-layered media, the theories of 

wave’s dispersion and reflection in the layered media are firstly needed to be studied. There 

are quite a lot of relative researches about these two topics. 

2.2.1 Dispersion Curve 

When wave propagates in multi-layered media with variant material property, its phase 

velocity varies with the frequency, namely, dispersive. The phenomenon of wave dispersion in 

bonding layered media needs to be studied well because the composite media with different 

materials will have significantly different dispersion properties. [Tsai et al., 2001] engaged in 

a research of surface wave dispersion in a copper-epoxy-aluminum composite specimen, and 

obtained dispersion curves with different elastic property and thickness of epoxy layer. 

[Puthillath and Rose, 2010] utilized ultrasonic guided wave for inspection of interfacial 

weakness conditions in an epoxy bonded aluminum-titanium repair patches. They also carried 

out a theoretical study where the guided wave phase velocity dispersion curves are used in 

conjunction with wave structures to determine optimal conditions for inspection of adhesive 

and cohesive weakness. [Lee and Cheng, 2001] presented a method for measuring Lamb wave 

dispersion curves of a bi-layered plate and to investigate the feasibility of using Lamb wave 

dispersion data to determine a coating’s elastic properties. Some researchers [Ryden and Lowe, 

2004] also conducted research and field test in multi-layered pavement structures, in which the 

dispersion property is under another description. [Zhang and Lu, 2003; Zhang et al., 1998] 

calculated several cases of dispersion curves of 3-layer composite material with different layer 

properties, revealed that even a slight alteration on the elastic constants of one of those layers 

would significantly affect wave’s dispersion property. Some researchers also considered the 

dispersion when the media contained a liquid layer, but most of them only considered the case 
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that a liquid layer overlying a semi-infinite elastic solid [Tolstoy, 1954; Dorman, 1962] or 

multi-layered solid [Shao et al., 2007; Jardetzky and Press, 1953], for the simulation of 

suboceanic ground layers. [Parra and Xu, 1994] analyzed the sensitivity of phase and group 

velocity as well as attenuation to input parameters (e.g. permeability, porosity, layer thickness, 

etc.), when acoustic waves propagating in fully saturated layer media, and proposed an 

algorithm for complex roots finding of dispersion equation. The analysis of dispersion property 

and plotting of dispersion curves are so important for wave analysis of multi-layered media. 

The media’s parameters, e.g. elastic constants, layer thickness, stratification type, existence of 

solid-liquid interface, can all exert influence on the curves sensitively. Therefore, knowing the 

dispersion property of the multi-layered media is the basis of all other research on them. 

2.2.2 Reflection and Refraction 

The detection of water layer in multi-layered media requires comprehensive knowledge 

about the wave propagation, reflection, and refraction in layered media. The reflection and 

refraction of an obliquely incident wave on the interface between two different media has been 

investigated by [Pilarski and Rose, 1988; Pilarski et al., 1990; Auld, 1973], where solid-solid, 

solid-liquid, and liquid-solid boundary conditions were considered and reflection factor 

equations were derived. The reflection and transmission of ultrasonic waves in multi-layered 

solid media also have been studied [Folds and Loggins, 1977]. [Schoenberg, 1980] computed 

the reflection and transmission coefficients for harmonic plane waves incident at arbitrary 

angles upon a plane linear slip interface in terms of the interface compliance, and found these 

coefficients be frequency dependent. [Henneke, 1972] extended the classical elastic theory of 

reflection and refraction at an interface to the anisotropic media. The critical angle of the 

oblique incidence around which the reflection and refraction can vary strongly has also been 

studied by some researchers. [Ngoc and Mayer, 1979] calculated the profiles for different 
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combinations of frequencies and beam widths with the angle of incidence being varied about 

the longitudinal critical angle for a water-Plexiglas interface, and found the existence of 

nonspecular reflectivity near this particular critical. 

 Although the theoretical work of reflection and refraction on interfaces has been 

conducted decades ago, the applications of multi-reflection of acoustic or ultrasonic waves in 

practical work are still rarely to be seen recently. [Schmitt et al., 2013] introduced an acoustic 

waveguide sensor based on multiple reflection and mode conversion on solid-liquid interfaces. 

The author excited the anti-symmetrical zero order Lamb wave mode by a single phase 

transducer of 1 MHz on thin glass plates of 1 mm thickness. By contact to the investigated 

liquid, Lamb waves propagating on the first plate emit pressure waves into the adjacent liquid, 

which excite Lamb waves on the second plate, what again cause pressure waves traveling inside 

the liquid back to the first plate and so on. Because of the distance of the two plates, the slow 

sound velocity of water and the fast Lamb wave velocity, the wave groups of the receiver signal 

are separated in the time domain. Fig. 2.1 shows the guided wave’s propagation in the liquid 

layer between two plates. This phenomenon was employed in the sensor for the concentration 

measurement of binary and ternary mixtures, liquid level sensing, and investigation of spatial 

inhomogeneity or bubble detection.  

 

Fig. 2.1 The propagation path of the emitted pressure wave into the liquid by Lamb wave 
excitation on the emitter plate 
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From the review of those former researches, we can remark that the reflection and 

transmission coefficients can be theoretically calculated, with which the properties of interfaces 

between different layers can be evaluated. The reflection and refraction angles and wave 

travelling route in multi-layered media can be determined by Snell’s law [Rose, 1999]. 

Therefore, we can plot the travelling routes of obliquely incident ultrasonic waves as well as 

energy distribution and penetration in the multi-layered media containing a liquid layer. The 

method based on multi-reflection of shear waves has been applied to the detection of the 

thickness loss of a solid layer by [Volker and Zon, 2013; Burch and Collett, 2007]. However, 

the multi-reflection method has not yet been applied to the evaluation of multi-layered media. 

In this study, we will use wave’s multiple reflection and transmission in detecting the existence 

of liquid layer beneath a solid layer. 

2.3 Nondestructive Testing of Multi-layered Media 

Besides the theoretical research, the technical approaches and recent achievements about 

the NDE for multi-layered media are also necessary to be reviewed and studied. Three aspects 

of the most relative literatures have been introduced here. 

2.3.1 Material Property Estimation 

To estimate material’s elastic properties is often an inescapable task in the nondestructive 

testing. Compared to the geometrical flaws, the deteriorations on the material properties are 

sometimes more difficult to be noticed and detected. For a free plate or a solid block that the 

opposite surfaces can be both reached, the measurement of the wave velocity in that media can 

be easily achieved [Gélébart et al., 2007; Naffa et al., 2002; Rogers, 1995]. However, for multi-

layered media that only the top surface of the first layer can be reached, the estimation of the 

material property of the buried layers is difficult. Most researches about this topic are all based 
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on the utilization of the dispersion curves. [Tsai et al., 2001; Wu and Chen, 1996; Wu and Liu, 

1999] used laser generated dispersive surface waves for detecting the epoxy layer’s material 

constants and thickness of an epoxy bonded copper-aluminum layered specimen. [Lobkis et al., 

2000] presented a method to deduce the in-plane elastic properties of multi-layered composite 

plates. Drawing on a synthetic-aperture technique developed for the elucidation of materials 

properties in air-coupled ultrasonic, this method exploited the high elastic anisotropy of 

composite materials to permit an accurate measurement of directional in-plane stiffness. [Xu 

et al., 1990] presented a systematic inversion scheme to determine the cohesive properties of 

adhesive bonds from guided wave phase velocity data. They mentioned that the inaccurate or 

false data had a strong negative influence on the success of the inversion scheme. From these 

former researches we can find, all of the experimental studies almost set their target multi-

layered media as homogeneous and isotropic for all the layers. Therefore, to conduct the 

material property estimation on multi-layered media like steel-epoxy-concrete, where the 

concrete is inhomogeneous and anisotropic, by seriously taken, would be rather challenging. 

2.3.2 Surface Wave Method 

The experimental data obtained from the surface wave NDE test are wave form data in 

time domain. Two wave forms from two receivers on two spots with certain distance contain 

the phase information if they are transformed into frequency domain. With the known distance 

and phase shift between the two wave forms at each frequency, the experimental dispersion 

curve can be plotted. This Spectral Analysis of Surface Wave (SASW) method has been used 

successfully to determine shear wave velocity profiles of soil sites and elastic properties of 

pavement systems [Nazarian and Desai, 1993]. The frequency-domain functions used in SASW 

method are the phase information of the cross-power spectrum and the coherence function. 
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This SASW method will be applied in this study for experimental dispersion curve obtaining. 

The calculated dispersion curve of multi-layered solid model can describe the wave 

dispersion in the bonding layered media analytically. Through generated surface wave test, an 

experimental dispersion curve is able to be obtained, from which a relation between phase 

velocity and frequency can be discovered. Through the comparison between the analytical 

dispersion curve and the experimental one, layer’s elastic property can be estimated. The 

surface wave method was originally applied in geotechnical research [Nazarian and Desai, 

1993; Yuan and Nazarian, 1993; Ganji et al., 1998; Park, 1996]. Usually a vibrator or a hammer 

and several geophones were used as source and receiver respectively, with the wave frequency 

under 100Hz. Also, pavement structures were usually tested through this method [Ryden and 

Lowe, 2004], with the frequency normally under 500Hz. Acoustic waves of low frequency are 

the main wave form in the both types of test. This surface wave method has also been applied 

in high frequency range (500kHz~4000kHz), for layered metal specimens [Wu and Liu, 1999], 

with laser generated wave as source. In both low and high frequency range, this method can be 

applied successfully, however, in the frequency range about 10kHz~300kHz, which is an 

approximately range for steel-concrete composite material, rare work has been done. The 

ultrasonic transducer with its operating frequency around 200kHz will be suitable for the 

surface wave test on the steel-epoxy-concrete bonding layered media, but the material 

concrete’s anisotropy and inhomogeneity will challenge the effect of ultrasonic NDE test. For 

material like concrete, which is significantly important in infrastructure construction, 

nevertheless, the NDE attempts are few and always not easy [Antonio and Hirose, 2012; 

Goueygou et al., 2004; Piwakowski et al., 2004]. The ultrasonic NDE study on layered media 

which consists of concrete has even fewer been concerned yet, although, in many fields, it is 

urgently to be conducted. 
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2.3.3 Leaky Lamb Wave and Leaky Rayleigh Wave 

When the multi-layered media contains liquid layer inside, due to the particle displacement 

normal to the plate, waves are also set up in the surrounding liquid. This is the mechanism by 

which energy “leaks” from the plate into the liquid; hence, the term “leaky Lamb wave” [Dayal 

and Kinra, 1989; Dayal and Kinra, 1991]. When the solid layer is thick, the Rayleigh wave 

propagating on the interface can also leak into the liquid, which is called “leaky Rayleigh wave” 

[Ahyi et al., 1998]. These leaky waves are the results of the existence of the solid-liquid 

interface. They can also be used as a nondestructive approach to detect the defects or to estimate 

the material property of a solid plate surrounded by liquid. [Chimenti and Nayfeh, 1985; 

Chimenti and Martin; 1991] presented the results of experimental measurements and 

theoretical calculations on ultrasonic leaky Lamb wave propagation in fiber-reinforced, 

unidirectional composite laminates. With the Lamb wave vector oriented parallel to the fiber 

direction, dispersion curves of phase velocity versus frequency and plate thickness were 

constructed from measurements of ultrasonic reflection from fluid-loaded composite plates. 

[Karim et al., 1990] presented a numerical procedure for the inversion of leaky Lamb wave 

data to determine certain material properties of a waveguide using a modified version of the 

simplex algorithm. Similar inversion scheme was presented by [Xu et al., 1990] to determine 

the cohesive properties of adhesive bonds from leaky Lamb wave phase velocity data. 

2.4 Summary 

According to the research objectives of this dissertation, the most relevant literatures have 

been reviewed in this chapter. Some of those papers will be cited again in the following chapters, 

which are locally helpful to this dissertation.  
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CHAPTER 3 

WAVE DISPERSION IN LAYERED MEDIA 

3.1 Introduction 

When wave propagates in multi-layered media with variant material property, its phase 

velocity varies with the frequency, namely, dispersive. The phenomenon of wave dispersion in 

bonding layered media needs to be studied well because the layered media with different 

materials will have significantly different dispersion properties. In this chapter, the dispersion 

property of a free plate will be firstly discussed, in order to present the detailed process of 

dispersion equation deduction and roots searching algorithm for dispersion equation solving. 

Then the cases of solid multi-layered media, and liquid contained multi-layered media will be 

discussed in sequence. For each case, the boundary conditions will be listed; the dispersion 

equation will be deduced; the dispersion curves will be plotted; the wave structure of each wave 

mode will be analyzed. In the end of this chapter, we will use spring to replace non-viscous 

liquid layer to see whether the effect of a liquid layer between solid layers can be simplified as 

a normal connection between them. Also, we will briefly introduce Scholte wave as it is born 

with the solid-liquid interface. The theoretical results of this chapter will be utilized in Chapter 
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4 and Chapter 6. 

To deduce the dispersion equation, we need to recall the following equations from the 

theory of elasticity. 

3 equations of motion (i = 1,2,3): ߪ௜௝,௝ + ߩ ௜݂ = ሷݑߩ ௜																																																												(3.1)	
6 independent strain displacement equations: 

௜௝ߝ = 12 ൫ݑ௜,௝ + 	(3.2)																																																									௝,௜൯ݑ
6 independent constitutive equations (isotropic materials): ߪ௜௝ = ௜௝ߜ௞௞ߝߣ + 	(3.3)																																																					௜௝ߝߤ2
If we eliminate the stress and strain factors from these equations, then we have: ݑߤ௜,௝௝ + ߣ) + ௝,௝௜ݑ(ߤ + ߩ ௜݂ = ሷݑߩ ௜																																											(3.4)	
The equations of motion (3.4), which contain only the particle displacements, are the 

governing partial differential equations for displacement. If the domain in which a solution is 

sought is infinite, then these equations are sufficient. If the domain is finite, then boundary 

conditions are needed for a well-posed problem [Rose, 1999]. 

3.2 Wave Dispersion in Free Plate 

Before we look into the dispersion property of multi-layered media, we shall start from the 

wave’s dispersion in a free plate, which is the simplest and most classic case. From this case, 

we can have the general idea about how the dispersion equation can be deduced, how the 

dispersion curves can be plotted, and what the wave structure of each mode is. 

3.2.1 Dispersion Equation Deduction 



18 
 

 

Fig. 3.1 A steel plate in vacuum. 

If the displacement vector (field) is decomposed according to Helmholtz decomposition 

[Achenbach, 1980] and the result substituted into Eq. (3.4), as demonstrated previously, we 

obtain two uncoupled wave equations [Ewing et al., 1957; Rose, 1999]. For plane strain, these 

are 

governing longitudinal waves: ߲ଶ߲߮ݔଶ + ߲ଶ߲߮ݖଶ = 1ܿ௅ଶ ∙ ߲ଶ߲߮ݐଶ 																																																									(3.5)	
governing transverse waves: 

											߲ଶ߲߰ݔଶ + ߲ଶ߲߰ݖଶ 	= 1்ܿଶ ∙ ߲ଶ߲߰ݐଶ 																																																								(3.6)	
where the potentials ߮ and ߰ are solutions of the wave equations, and ܿ௅ and ்ܿ are the 

longitudinal wave velocity and transverse wave velocity respectively. For simplicity of notation 

the subscript y has been omitted from ߰ in Eq. (3.6). 

As a result of our assumption of plane strain, the displacements and stresses can be written 

in terms of the potentials as: 

௫ݑ = ݔ߲߲߮ − ݖ߲߲߰ 																																																																	(3.7) 
௭ݑ								 = ݖ߲߲߮ + ݔ߲߲߰ 																																																																	(3.8)	

௭௫ߪ = ߤ ൬߲ݑ௭߲ݔ + ݖ௫߲ݑ߲ ൰ = ߤ ቆ2 ߲ଶ߲߮ݖ߲ݔ − ߲ଶ߲߰ݖଶ + ߲ଶ߲߰ݔଶቇ																									(3.9)	
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௭௭ߪ = ߣ ൬߲ݑ௫߲ݔ + ݖ௭߲ݑ߲ ൰ + ߤ2 ݖ௭߲ݑ߲ = ߣ) + ଶ߮∇(ߤ2 − ߤ2 ቆ߲ଶ߲߮ݔଶ − ߲ଶ߲߰ݖ߲ݔቇ							(3.10)	
Now let us consider the simplest case of a homogeneous plate bounded by two parallel 

planes. The plate can have either finite or infinite dimensions, and we now restrict ourselves to 

the latter case, which satisfy four boundary conditions at the upper and lower surfaces of the 

plate. These conditions express the fact that the stresses vanish at the faces ݖ = ݖ and ܪ− ݖ and the median plane by ܪthe thickness of the plate is denoted by 2) ܪ= = 0). Then we 

have ߪ௭௭ = 0							; ௭௫ߪ							 = ݖ		ݐܽ													0 =  (3.11)																																					ܪ∓
We begin the analysis by assuming solutions to Eq. (3.5) and Eq. (3.6) in the form 

߮ = ܣ) ℎ݊݅ݏ ݖߥ + ܤ ℎݏ݋ܿ 	(3.12)																																												௜(ఠ௧ି௞௫)݁(ݖߥ
߰ = ܥ) ℎ݊݅ݏ ݖᇱߥ + ܦ ℎݏ݋ܿ 	(3.13)																																								௜(ఠ௧ି௞௫)݁(ݖᇱߥ

where,  

ߥ = ට݇ଶ − ݇௅ଶ											ߥᇱ = ට݇ଶ − ݇ଶ்										݇௅ = ߱ܿ௅ 								்݇ = ்߱ܿ 																		(3.14) 
Noting that ܿ௅ଶ = ߣ) + (ߤ2 ⁄ߩ , ்ܿଶ = ߤ ⁄ߩ  and inserting expressions (3.12) and (3.13) 

into Eqs. (3.7)～(3.11), we obtain the four boundary conditions in the form: 

ଶ߱ߩ)								 − ܣ)(ଶ݇ߤ2 sinh ܪߥ − ܤ cosh (ܪߥ − ܥ)ᇱߥ݇ߤ2݅ cosh ܪᇱߥ − ܦ sinh (ܪᇱߥ = 0 

ܣ)ߥ2݅݇								 cosh ܪߥ − ܤ sinh (ܪߥ − ൫ߥᇱଶ + ݇ଶ൯(ܥ sinh ܪᇱߥ − ܦ cosh (ܪᇱߥ = 0 

ଶ߱ߩ)−								 − ܣ)(ଶ݇ߤ2 sinh ܪߥ + ܤ cosh (ܪߥ − ܥ)ᇱߥ݇ߤ2݅ cosh ܪᇱߥ + ܦ sinh (ܪᇱߥ = 0 

ܣ)ߥ2݅݇							 cosh ܪߥ + ܤ sinh (ܪߥ + ൫ߥᇱଶ + ݇ଶ൯(ܥ sinh ܪᇱߥ + ܦ cosh (ܪᇱߥ = 0											(3.15) 
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The dispersion equation is obtained in a simpler form if we write the columns 

corresponding to the coefficients A, D, B, C, add the first line of the determinant to the third, 

and subtract the second from the fourth. Then, on putting 

ܽ = ଶ݇ߤ2 − ଶ߱ߩ = 2݇ଶ)ߤ − ݇ଶ்) = ᇱଶߥ൫ߤ + ݇ଶ൯	
ܾ = ᇱߥ݇ߤ2 ℎݏ݋ܿ ܪᇱߥ 												݀ = ᇱߥ݇ߤ2 ℎ݊݅ݏ 	(3.16)																												ܪᇱߥ

we have ∆ × ,ܣ) ,ܦ ,ܤ ்(ܥ = 0																																																				(3.17) 
where 

∆	= ተተ −ܽ sinh ܪߥ ߥ2݅݇−݀݅ cosh ܪߥ −൫ߥᇱଶ + ݇ଶ൯ cosh ܪᇱߥ ܽ cosh ܪߥ ߥ2ܾ݅݇݅− sinh ܪߥ ൫ߥᇱଶ + ݇ଶ൯ sinh 																												0ܪᇱߥ 00																												 0 2ܽ cosh ܪߥ ߥ2ܾ݅−4݅݇− sinh ܪߥ −2൫ߥᇱଶ + ݇ଶ൯ sinh  ተተܪᇱߥ
(3.18) 

The four variables A, D, B, C must have values different from zero, and therefore we 

obtain the dispersion equation: ∆	= 0																																																																						(3.19)	
Obviously this equation can be split into two. They are 

ଶ߱ߩ)							 − ᇱଶߥଶ)൫݇ߤ2 + ݇ଶ൯ sinh ܪߥ cosh ܪᇱߥ + ᇱߥߥଶ݇ߤ4 cosh ܪߥ sinh ܪᇱߥ = 0							(3.20) 
and 

ଶ߱ߩ)						 − ᇱଶߥଶ)൫݇ߤ2 + ݇ଶ൯ ℎݏ݋ܿ ܪߥ ℎ݊݅ݏ ܪᇱߥ + ᇱߥߥଶ݇ߤ4 ℎ݊݅ݏ ܪߥ ℎݏ݋ܿ ܪᇱߥ = 0							(3.21)	
By Eqs. (3.14), these equations take the form [Ewing et al., 1957; Rose, 1999]: 
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ℎ݊ܽݐ ℎ݊ܽݐܪߥ ܪᇱߥ = 4݇ଶߥߥᇱ൫ߥᇱଶ + ݇ଶ൯ଶ = 4ඥ1 − ܿଶ ܿ௅ଶ⁄ ඥ1 − ܿଶ ்ܿଶ⁄(2 − ܿଶ ்ܿଶ⁄ )ଶ 																												(3.22)	
and 

ℎ݊ܽݐ ℎ݊ܽݐܪߥ ܪᇱߥ = ൫ߥᇱଶ + ݇ଶ൯ଶ4݇ଶߥߥᇱ = (2 − ܿଶ ்ܿଶ⁄ )ଶ4ඥ1 − ܿଶ ܿ௅ଶ⁄ ඥ1 − ܿଶ ்ܿଶ⁄ 																												(3.23)	
Now the transformation of the determinant ∆ which preceded its representation in the 

form of a product is equivalent to the splitting of Eqs. (3.15) into two separate systems. It is 

easy to see that the coefficients A and D can be separated from B and C. Thus we can consider 

a motion symmetric with respect to the plane ݖ = 0 which is given by 

߮ = ܤ ℎݏ݋ܿ ݖߥ ݁௜(ఠ௧ି௞௫)											߰ = ܥ ℎ݊݅ݏ ݖᇱߥ ݁௜(ఠ௧ି௞௫)																												(3.24)	
and the antisymmetric motion represented by functions 

߮ = ܣ ℎ݊݅ݏ ݖߥ ݁௜(ఠ௧ି௞௫)											߰ = ܦ ℎݏ݋ܿ ݖᇱߥ ݁௜(ఠ௧ି௞௫)																											(3.25)	
In both cases the nature of the vibrations is determined by the corresponding dispersion 

equation, i.e., by (3.23) for the symmetric and by (3.22) for the antisymmetric case. Both 

equations contain two variables, wavenumber ݇ and phase velocity ܿ. Hence, by solving the 

dispersion equations (3.22) and (3.23), we can plot dispersion curves of symmetric modes and 

antisymmetric modes respectively, which present the relationship between wavenumber 

(frequency) and phase velocity. 

The dispersion curves are very important in the analysis of wave propagation in layered 

media, especially from the aspects of wave mode. For different configurations of multi-layered 

media, the deduction of the dispersion equations can be started with some general assumptions 

of plane waves propagating in the media. 
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For a solid layer, both longitudinal wave and transverse wave can propagate in the layer 

and both waves can be reflected by the bottom interface, so the plane wave needs to be 

expressed with two components of potential ߮ and ߰ for longitudinal wave and transverse 

wave accordingly, and each component is composed of two terms for two directions of wave 

propagation due to reflections on the surfaces or the interfaces. Hence, the potential of a solid 

layer can be assumed as the form with 4 unknown parameters: 

߮ = ௜(ఠ௧ି௞௫)ିఔ௭݁ܣ + 	(3.26)																																									௜(ఠ௧ି௞௫)ାఔ௭݁ܤ
߰ = ௜(ఠ௧ି௞௫)ିఔᇲ௭݁ܥ + 	(3.27)																																						௜(ఠ௧ି௞௫)ାఔᇲ௭݁ܦ

For a solid half space, the wave cannot be reflected by the bottom surface. Therefore, it 

contains only one term in each potential component, with 2 unknown parameters totally. The 

potential can be written as: 

߮ = 	(3.28)																																																										௜(ఠ௧ି௞௫)ିఔ௭݁ܣ
߰ = 	(3.29)																																																									௜(ఠ௧ି௞௫)ିఔᇲ௭݁ܥ

For a liquid layer, the potential has only longitudinal component with 2 unknown 

parameters: 

߮ = ௜(ఠ௧ି௞௫)ିఔ௭݁ܣ + 	(3.30)																																							௜(ఠ௧ି௞௫)ାఔ௭݁ܤ
For a liquid half space, since no wave can be reflected, the potential can be written as: 

߮ = 	(3.31)																																																										௜(ఠ௧ି௞௫)ିఔ௭݁ܣ
After making these assumptions, we can substitute these expressions into Eqs. (3.7)～

(3.10), and consider the boundary conditions on the surfaces and each interfaces. Then the 
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dispersion equation can be obtained from the boundary equations by order the determinant 

equal to zero, with a more generalized form as: 

∆	= ተተ (2݇ଶ − ݇ଶ்) (2݇ଶ − ݇ଶ்)2݇ߥ ߥ2݇− ᇱߥ2݇ ᇱ(2݇ଶߥ2݇− − ݇ଶ்) (2݇ଶ − ݇ଶ்)(2݇ଶ − ݇ଶ்)݁ିఔு (2݇ଶ − ݇ଶ்)݁ఔு2݇ି݁ߥఔு ఔு݁ߥ2݇− ᇱ݁ିఔᇲுߥ2݇ ᇱ݁ఔᇲு(2݇ଶߥ2݇− − ݇ଶ்)݁ିఔᇲு (2݇ଶ − ݇ଶ்)݁ఔᇲுተተ = 0			(3.32)	
The specific form of the dispersion equations of different configurations of layered media 

will be shown in the following sections. 

3.2.2 Roots Searching Algorithm 

 

Fig. 3.2 Diagram of the bisection method based algorithm for roots searching. 

In this case of solid plate in vacuum, the dispersion equations Eq. (3.22) and Eq. (3.23) 

have only two terms each, however, when the number of layers of the media increases, the 

dispersion equation will become very complicated. To obtain the dispersion curves from the 

dispersion equation, we need a reliable and effective algorithm to search for the roots of the 

equation. In this study, an upgraded bisection method based algorithm is proposed for multi-

roots searching. Here we need to firstly declare that, in order to eliminate the influence of 

material property and layer thickness to the axes value, we employ the nondimensional 
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variables ܿ/்ܿ  and ݇ܪ  instead of ܿ  and ݇  in dispersion equations Eq. (3.22) and Eq. 

(3.23). We will sweep the concerned range of ݇ܪ by certain interval, e.g. 0.01, to find the 

according roots on each ݇ܪ value, and those roots stand for the points on different modes of 

the dispersion curves. Connecting those roots along the ݇ܪ axis under the correct order is 

actually the plotting of dispersion curves. The following procedures explain the detail of the 

algorithm for roots searching, and Fig. 3.2 shows the diagram of this algorithm. 

Step 1:  Substitute one known value of ݇ܪ into the dispersion equation ∆	= 0.  

Step 2:  Divide the whole target range of ܿ/்ܿ (normally 0～4) into hundreds of small 

sections. 

Step 3:  Check each section, if the absolute value of ∆ on the center point of this section 

is smaller than both section ending points, then this section contains a root. 

Step 4:  Apply absolute value based bisection method in those sections that meet the root 

existing requirement of Step 3. 

Step 5:  During the loops of the bisection method, when the absolute value of ∆ on one 

center point is smaller than the critical value ߝ, then the root in that section is found. 

Step 6:  Collect all the roots found on this ݇ܪ value, and move on to the next value of ݇ܪ. 

This method can successfully find all the roots of the dispersion equation in the concerned 

frequency range. However, for multi-layered media problem whose dispersion equation have 

forms of high order complex value determinant, to calculate the value of the determinant is not 

so easy. Especially on relative high frequency range, the absolute value of the determinant ∆ 

is not close to zero, to which it should be equal. In that case, using minimum value instead of 

“zero” value is necessary, in another word, the choosing of the critical value ߝ  becomes 

significant. 
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3.2.3 Dispersion Curves Plotting 

Fig. 3.3 shows the dispersion curves of a steel plate in vacuum, the material constants are 

listed in Table 3.1. Both symmetric modes (S modes plotted with red curves) and antisymmetric 

modes (A modes plotted with blue curves) are plotted together. In Fig. 3.3 we can see that only 

the A0 mode originates from the zero point. The S0 mode originates from the plate velocity ܿ, 

which is equal to ܧଵ ଶ⁄ ሾ1)ߩ − ߭ଶ)ሿିଵ ଶ⁄  [Rose, 1999], where ܧ is the Young’s modulus, and ߭ is Poisson’s ratio. All the other modes have cutoff frequency, before which the mode do not 

exist. As the convergence velocity when the ݇ܪ value (frequency) becomes large, the A0 and 

S0 modes converge to ܿோ, the Rayleigh wave velocity, and all the other modes converge to ்ܿ, 

the transverse wave velocity. The dispersion curves of a plate in vacuum has a quite “standard” 

form, which can be used for comparison with those of layered media, which will be discussed 

in the following sections. 

Table 3.1 Material constants of the steel plate. 

Material CL (m/s) CT (m/s) ࣋ (kg/m3) 

Steel 5870 3140 7800 

 

 

Fig. 3.3 Dispersion curves of a steel plate in vacuum (phase velocity):  
blue curves, antisymmetric modes; red curves, symmetric modes. 
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The quantity ܿ௚ = ݀߱ ݀݇⁄ , defining the velocity of a group of waves having angular 

frequency ߱଴, is known as the group velocity. It can be expressed by a form of phase velocity ܿ and wave number ݇ as [Ewing et al., 1957]: 

௚ܿ = ܿ + ݇ ݀ܿ݀݇																																																												(3.33)	
Hence, as long as we have the dispersion curves of phase velocity, we can also plot the 

dispersion curves of group velocity by knowing the numerical derivative of ܿ with respect to ݇. Fig. 3.4 shows the dispersion curves (ܿ௚ ்ܿ⁄  vs. ݇ܪ) of a steel plate in vacuum. 

 
Fig. 3.4 Dispersion curves of a steel plate in vacuum (group velocity):  

blue curves, antisymmetric modes; red curves, symmetric modes. 

If we put the curves of phase velocity and group velocity of the same wave mode together, 

we can have Fig. 3.5 and Fig. 3.6, for antisymmetric modes and symmetric modes respectively. 

By this way, we can compare the phase velocity and group velocity of the same wave mode 

easily. 
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Fig. 3.5 Dispersion curves of a steel plate in vacuum (antisymmetric modes):  

blue curves, phase velocity; red curves, group velocity. 

 
Fig. 3.6 Dispersion curves of a steel plate in vacuum (symmetric modes):  

blue curves, phase velocity; red curves, group velocity. 
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3.2.4 Wave Structure Analysis 

By deducing the dispersion curves, we obtain the phase velocities of variant modes on the 

same ݇ܪ value. When we feedback those value pairs into the boundary condition equations 

Eq. (3.15) or Eq. (3.17), we can solve those equations and obtain the values of the unknown 

parameters A, D, B, and C. By substituting these parameters into Eq. (3.12), Eq. (3.13) and Eq. 

(3.7), Eq. (3.8), we can obtain the corresponding displacements of each wave mode on different 

frequencies (݇ܪ) on each point in the plate (layer, in the case of multi-layered media), in other 

words, the wave structure of each mode. 

It is interesting to study wave structure variation by increasing the ݇ܪ product along a 

particular mode [Hayashi et al., 2006; Rose, 1999]. Fig. 3.7 to Fig. 3.12 depict solutions at a 

variety of ݇ܪ values to modes S0, S1, S2, A0, A1, and A2 for a steel plate. The material 

constants of the plate are shown in Table 3.1. Sample ݇ܪ points are chosen for each mode to 

show the variation in wave structure when ݇ܪ  value, namely, frequency increases. 

Displacements ݑ and ݓ are the displacements on ݔ and ݖ directions accordingly. 

For example, in S0 mode (see Fig. 3.7), the displacement ݑ differs not so much across 

the thickness of the plate at very low ݇ܪ  values (݇ܪ = 0.25 ), but it becomes heavily 

concentrated at the center of the plate when the ݇ܪ  values increase. In contrast, the 

displacement ݓ, which is initially close to linear distribution, has a small displacement value 

on the outer surface (see Fig. 3.7 (a)). However, ݓ  becomes larger than ݑ  on the outer 

surface when ݇ܪ = 1 (Fig. 3.7 (b)), and at ݇ܪ = 1.5  (Fig. 3.7 (c)) and ݇ܪ = 2 (Fig. 3.7 

(d)) becomes dominant. In S1 mode (see Fig. 3.8), ݑ concentrates its amplitude at the center 

of the plate when the ݇ܪ value are small (Fig. 3.8 (a) and (b)). When the ݇ܪ value goes high, 

the wave structure of both displacement components become more curving. We also notice that ݑ component is always symmetric with the center axis of the plate (ܪ = 0), oppositely, the ݓ 
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component is always antisymmetric, denoting a stretch or compression force along the vertical 

axis of the plate. In S2 mode (see Fig. 3.9), the ݓ component goes from dominant to zero on 

displacement value of outer surface when ݇ܪ changes from 1.5 to 4. From S0 mode to S2 

mode, we can find that the wave structures become more curving and complicated. From the 

curves’ shape, we can easily distinguish each mode on the same ݇ܪ value, which will be very 

useful in mode selection. 

Similar studies are graphed for the antisymmetric modes in Fig. 3.10, Fig. 3.11, and Fig. 

3.12. In this section, all the analysis are based on a steel plate in the vacuum, hence the 

symmetric or antisymmetric property of the wave structure along the center axis of the plate is 

very good. In the following sections, multi-layered media will be studied with different layers 

even liquid layer, the perfect symmetric or antisymmetric performance can no longer be found. 

 

 

Fig. 3.7 Wave structure of S0 mode of a steel plate, showing ݑ (blue line) and ݓ (red line) 
displacement profiles across the thickness of the plate. 

(a), kH=0.25; (b), kH=1; (c), kH=1.5; (d), kH=2. 
 

(a) (b) 

(c) (d) 
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Fig. 3.8 Wave structure of S1 mode of a steel plate, showing ݑ (blue line) and ݓ (red line) 
displacement profiles across the thickness of the plate. 

(a), kH=1; (b), kH=2; (c), kH=3; (d), kH=4. 

 

Fig. 3.9 Wave structure of S2 mode of a steel plate, showing showing ݑ (blue line) and ݓ 

(red line) displacement profiles across the thickness of the plate. 

(a), kH=1.5; (b), kH=2; (c), kH=3; (d), kH=4. 

(a) (b) 

(c) (d) 

(a) (b) 

(c) (d) 
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Fig. 3.10 Wave structure of A0 mode of a steel plate, showing ݑ (blue line) and ݓ (red 

line) displacement profiles across the thickness of the plate. 

(a), kH=1; (b), kH=3; (c), kH=4; (d), kH=5. 

 

 

Fig. 3.11 Wave structure of A1 mode of a steel plate, showing ݑ (blue line) and ݓ (red line) 

displacement profiles across the thickness of the plate. 

(a), kH=0.66; (b), kH=1; (c), kH=2; (d), kH=4. 

(a) (b) 

(c) (d) 

(a) (b) 

(c) (d) 
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Fig. 3.12 Wave structure of A2 mode of a steel plate, showing ݑ (blue line) and ݓ (red 

line) displacement profiles across the thickness of the plate. 

(a), kH=1.63; (b), kH=3.5; (c), kH=4.5; (d), kH=5.5. 

Use of wave structure can lead to increased wave penetration power along a structure. For 

example, by avoiding energy leakage from water loading or insulation. Improved sensitivity to 

certain defects can be obtained as a result of controlling impingement at a certain location 

across the thickness of the structure. The mode selection and wave structure are also used in 

detection of small defects on the surface of a structure. This is accomplished by getting higher 

energy concentrations on the outer surface. Also, the wave structure can help us to distinguish 

crossed modes from each other when we plot dispersion curves of layered media, since usually 

some parts of different modes of layered media keep close with each other or even with cross 

point.  

 

 

(a) (b) 

(c) (d) 
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3.3 Wave Dispersion in Steel-Epoxy-Concrete Layered Media 

From here, we will think about the wave’s dispersion in multi-layered media. Since this 

study attempts to conduct the nondestructive testing on the steel plate strengthened, epoxy 

adhered RC structures, the steel-epoxy-concrete layered media is certainly the primary object 

of research. The following deduction is based on the steel-epoxy-concrete 3 layers model that 

each solid layer bonded with other perfectly. The dispersion curves obtained in this section will 

be used again in Chapter 4.   

3.3.1 Dispersion Equation and Dispersion Curves 

 

Fig. 3.13 Steel-Epoxy-Concrete 3 layers model: a model of 2 layers overlying on a half space. 

For a solid model of two layers of uniform thickness overlying on a half space as shown 

in Fig. 3.13, as mentioned in Eqs. (3.26)～(3.29), it can be assumed that there are plane waves 

propagating in the three layers as the forms of: 

߮ଵ = ௜(ఠ௧ି௞௫)ିఔభ௭݁ܣ + ߰ଵ					௜(ఠ௧ି௞௫)ାఔభ௭݁ܤ = ௜(ఠ௧ି௞௫)ିఔభᇲ௭݁ܥ + 	௜(ఠ௧ି௞௫)ାఔభᇲ௭݁ܦ
߮ଶ = ௜(ఠ௧ି௞௫)ିఔమ௭݁ܧ + ߰ଶ					௜(ఠ௧ି௞௫)ାఔమ௭݁ܨ = ௜(ఠ௧ି௞௫)ିఔమᇲ௭݁ܩ + 	௜(ఠ௧ି௞௫)ାఔమᇲ௭݁ܪ
	߮ଷ = ߰ଷ																																							௜(ఠ௧ି௞௫)ିఔయ௭݁ܫ = 	(3.34)																																	௜(ఠ௧ି௞௫)ିఔయᇲ௭݁ܬ

where ߮ and ߰ are the displacement potentials, the subscript 1, 2 and 3 are referring to 

layer’s number. In layer 1 and 2, there are both incident and reflected waves existing, hence, 
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each potential contains two components with two unknown amplitude coefficient (A&B; C&D; 

E&F; G&H); in layer 3, which stands for the half space, only the incident wave is existing, 

hence, each potential contains one component with one unknown amplitude coefficient (I; J). 

Then, for the free surface, the tractions should be free; for the interfaces between two 

layers, the continuity of tractions and displacements is required. Considering all these boundary 

conditions, and the expressions in Eqs. (3.7)～(3.10), the following equations can be listed: 

௭௫ߪ = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0																																													
௭௭ߪ = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = 0													at		ݖ = 0									(3.35)	

and 

ଵ(௫ݑ) = ߲߮ଵ߲ݔ − ߲߰ଵ߲ݖ = ଶ(௫ݑ) = ߲߮ଶ߲ݔ − ߲߰ଶ߲ݖ 	
ଵ(௭ݑ) = ߲߮ଵ߲ݖ + ߲߰ଵ߲ݔ = ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ 	

ଵ(௭௫ߪ) = 	ଶ(௭௫ߪ)
ଵ(௭௭ߪ) = ݖ		at																																ଶ(௭௭ߪ) = 	(3.36)									ܪ

and 

ଶ(௫ݑ) = ߲߮ଶ߲ݔ − ߲߰ଶ߲ݖ = ଷ(௫ݑ) = ߲߮ଷ߲ݔ − ߲߰ଷ߲ݖ 	
ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ = ଷ(௭ݑ) = ߲߮ଷ߲ݖ + ߲߰ଷ߲ݔ 	

ଶ(௭௫ߪ) = 	ଷ(௭௫ߪ)
ଶ(௭௭ߪ) = ݖ		at																								ଷ(௭௭ߪ) = ܪ + ℎ									(3.37)	
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where ܪ and ℎ are the thickness of 1st and 2nd layer accordingly. 

If we substitute the expression of Eq. (3.34) into the boundary conditions Eqs. (3.35)～

(3.37), we can obtain 10 equations with 10 variables. To keep those variables having values 

different from zero, we obtain the dispersion equation as shown in Eq. (3.39) [Shen et al., 2014]. 

For simplicity, following expressions have been used: 

݇ଶ − ݇௅௜ଶ = 	௜ଶߥ
݇ଶ − ்݇௜ଶ = ݅																						௜ᇱଶߥ = 1, 2, 3																		(3.38)	

where ݇௅ and ்݇ are the wave number of longitudinal wave and transverse wave accordingly. 

Table 3.2 Material constants of the Steel-Epoxy-Concrete layered media. 

Material CL (m/s) CT (m/s) ࣋ (kg/m3) Thickness (mm) 

Steel 5870 3140 7800 4.5 

Epoxy 2500 1112 1120 5 

Concrete 4000 2450 2400 ∞ 

By solving the dispersion equation Eq. (3.39) with the bisection method based algorithm 

mentioned in Section 3.2.2, the dispersion curves, which indicate the relation between wave 

number or frequency versus phase velocity, can be plotted as shown in Fig. 3.14. The material 

constants used in Fig. 3.14 are shown in Table 3.2. 

From Fig. 3.14, we can see that infinite modes exist in the Steel-Epoxy-Concrete layered 

media. The 1st mode starts from the Rayleigh wave speed of half-space (3rd layer) ܿோଷ, and 

other modes start from transverse wave speed of half-space (3rd layer) ்ܿଷ  with cutoff 

frequencies. All the modes asymptotically trend to the transverse wave speed of 2nd layer ்ܿଶ 

as frequency tends towards infinity. The 1st mode performs a hook-like curve in low frequency 
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range, where the minimum point of the “hook” is determined by the 2nd layer’s transverse wave 

speed ்ܿଶ also. This dispersion curves of the Steel-Epoxy-Concrete layered media will be 

used in Chapter 4 for epoxy’s material properties estimation, more discussion about the 

properties of this dispersion curves will be continued in Section 4.2. 

 

 

Fig. 3.14 Dispersion curves of a Steel-Epoxy-Concrete media:  

solid line, phase velocity; dashed line, group velocity.



37 
 

 
 
 
 
 
 

( ) ( )
( ) ( )

( )

' '
1 1 1 1

' '
1 1 1 1

2 2 ' 2 2 '
1 1 1 1

2 2 2 2
1 1 1 1

' ' ' '
1 1 2 2

1 1

2 2 2 2 2 2
1 1 1 1 2

2 2

2 2 2
2 2

1 1

0 0 0 0 0 0

0 0 0 0 0 0

0

2 2 2 2

2 2 2 2

2 2 2

0

0 0

2 2 2 2

H H H H
T T

H H H H
T T

T T T

k k e k e k k e k e

k e k k e k e

k k k

k k e

k k k k k k k k k

k

k k k

k

k

ν ν ν ν

ν ν ν ν

ν ν

ν ν

ν ν ν ν
ν ν

μ μ
ν

μ
μ μ

ν

ν ν ν ν
μ

− −

− −

− − −

− − −

− −

− −

− −
−

− −

−

−

− −

−

Δ =

( )

( ) ( )
3

'' '

'' '

32 2 2 2

3 32 2 2 2

2

2

1 1

2

2 2
2

2 2 ' 2 2 ' 2 2 ' 2 22 2 2
2 2

1 1 1 1

2 2 3

2 2 3

2

'
1 1 1 1 2 2

' ' '

0 0

2 2 2 2 0 0

0 0 0 0

0 0 0 0

0 0 0 0 2

2

2 2 2 2

h hh h h h

h hh h h h

h

T

T T T Tk k

k k

k k k k k k k k

e e e e e e

e e

k k

k k k

k k k

k

e e e e

e

ν νν ν ν ν

ν νν ν ν ν

ν

ν ν ν ν

ν ν ν

ν

μ
μ

μ μ μ

ν ν

μ

ν

μ
μ μ μ

− −− −

− −− −

−

−

− − − −

−

− − − −

− − −

−− −

( ) ( ) ( )

( ) ( ) ( )

'' '

'' '

3 32 2 2

3 32 2 2 2

3 3
2 3

2 2

3 3
2 2 3

2

2 2 2 2 2 2

2

2 2 3

2 2 ' 2 2 ' 2 2 '
2 2 3

2 2

0 0 0

2 2 2

20 2 2 22 2

h hh h h

h hh h h h

T T T

T T T

k k e e k k e e k k e

k k e e k k e e k k e e

k k

k k k

ν νν ν ν

ν νν ν ν ν

μ μ
μ μ

ν

νμν
μ

ν

μν
μ

− −−

− −− −

− − −

−

− −

− −−

−

− −

 

= 0    (3.39) 

 

 

 

 



38 
 

3.3.2 Wave Structure Analysis 

 

 

 

Fig. 3.15 Wave structures of 1st and 2nd modes of a Steel-Epoxy-Concrete layered media, 
when kH=1, showing ݑ (blue line) and ݓ (red line) displacement profiles in layers of steel 

(a,b), epoxy (c,d), and concrete (e,f) respectively. 

In Fig. 3.15～Fig. 3.17, the wave structures of first three modes of a Steel-Epoxy-Concrete 

three layered media have been plotted. Since the amplitudes of displacements in different layers 

are quite different due to different material constants, the wave structures are shown separately 

with layers. Fig. 3.15 shows the wave structures when ݇ܪ = 1, where only 1st and 2nd wave 

modes exist as can be seen in Fig. 3.14. Fig. 3.16 and 3.17 show the wave structures when ݇ܪ 

are 3 and 5, relatively high values, where the 3rd mode also exists. From those figures, we can 

(a) (b) 

(c) (d) 

(e) (f) 
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Fig. 3.16 Wave structures of 1st, 2nd, and 3rd modes of a Steel-Epoxy-Concrete layered media, when kH=3, showing ݑ (blue line) and ݓ (red 
line) displacement profiles in layers of steel (a,b,c), epoxy (d,e,f), and concrete (g,h,i) respectively. 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 
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Fig. 3.17 Wave structures of 1st, 2nd, and 3rd modes of a Steel-Epoxy-Concrete layered media, when kH=5, showing ݑ (blue line) and ݓ (red 
line) displacement profiles in layers of steel (a,b,c), epoxy (d,e,f), and concrete (g,h,i) respectively. 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 
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see that the differences between the 1st mode and the 2nd mode are quite notable both in 1st layer 

(steel) and 2nd layer (epoxy), and when ݇ܪ = 5, in epoxy layer, the 2nd mode is much curving 

than the 1st mode, as shown in Fig. 3.17 (d)&(e). The differences between the 2nd mode and the 

3rd mode are generally concentrated in the 2nd (epoxy) layer. In the 1st (steel) layer, the wave 

structures of these two modes are quite alike with each other. From the dispersion curves in 

Fig. 3.14, we can find a very sensitive area when ݇ܪ = 2.2, where the 1st mode and the 2nd 

mode are so close with each other, easily to make confusion. After this area, these two modes 

develop with different trends. Through the wave structure analysis, we can clearly see that 

when ݇ܪ = 5, the 2nd mode’s structure is more curving than the 1st mode’s, which logically 

should be. In other words, the plotting of dispersion curves of the 1st mode and the 2nd mode in 

Fig. 3.14 is correct. With the results of wave structures, we can easily distinguish different 

modes in the areas with modes adjacency or modes crossing, eliminating the confusions.  

3.4 Wave Dispersion in Steel-Water-Concrete Layered Media 

Here we will include a liquid layer between solid layers to see how the dispersion curves 

will behave due to the additional liquid layer. Again, a model of steel-water-concrete layered 

media becomes our object of research. 

3.4.1 Dispersion Equation 

 

Fig. 3.18 Steel-Water-Concrete layered model: a model of 2 layers overlying on a half space. 
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As shown in Fig. 3.18, for a Steel-Water-Concrete layered model which contains a liquid 

layer between two solid layers, as mentioned in Eqs. (3.26)～(3.30), it can be assumed that 

there are plane waves propagating in the three layers as the forms of: ߮ଵ = ௜(ఠ௧ି௞௫)ିఔభ௭݁ܣ + ߰ଵ					௜(ఠ௧ି௞௫)ାఔభ௭݁ܤ = ௜(ఠ௧ି௞௫)ିఔభᇲ௭݁ܥ + 	௜(ఠ௧ି௞௫)ାఔభᇲ௭݁ܦ
߮ଶ = ௜(ఠ௧ି௞௫)ିఔమ௭݁ܧ + 																																																																																	௜(ఠ௧ି௞௫)ାఔమ௭݁ܨ
	߮ଷ = ߰ଷ																																						௜(ఠ௧ି௞௫)ିఔయ௭݁ܩ = 	(3.40)																																௜(ఠ௧ି௞௫)ିఔయᇲ௭݁ܪ
Then, for the free surface, the tractions should be free; for the interfaces between solid 

layer and liquid layer, the continuity of tractions and displacements on the normal direction is 

required, and the tractions of solid sides on the shear direction should be vanished. Considering 

all these boundary conditions, and the expressions in Eqs. (3.7)～ (3.10), the following 

equations can be listed: 

௭௫ߪ = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0												
௭௭ߪ = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = ݖ		ݐܽ													0 = 0							(3.41)	

and 

ଵ(௭ݑ) = ߲߮ଵ߲ݖ + ߲߰ଵ߲ݔ = ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ 	
ଵ(௭௫ߪ) = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0	

ଵ(௭௭ߪ)			 = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = ଶ(௭௭ߪ) = 	ଶ߮ଶߘଶߣ
ݖ		ݐܽ								 = 	(3.42)						ܪ
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and 

ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ = ଷ(௭ݑ) = ߲߮ଷ߲ݖ + ߲߰ଷ߲ݔ 	
ଷ(௭௫ߪ) = ଷߤ ቆ2߲ଶ߮ଷ߲ݖ߲ݔ − ߲ଶ߰ଷ߲ݖଶ + ߲ଶ߰ଷ߲ݔଶ ቇ = 0	

ଶ(௭௭ߪ)									 = ଶ߮ଶߘଶߣ = ଷ(௭௭ߪ) = ଷߣ) + ଶ߮ଷߘ(ଷߤ2 − ଷߤ2 ቆ߲ଶ߮ଷ߲ݔଶ − ߲ଶ߰ଷ߲ݖ߲ݔቇ		
ݖ		ݐܽ = ܪ + ℎ					(3.43)	

where ܪ and ℎ are the thickness of 1st and 2nd layer accordingly. 

If we substitute the expression of Eq. (3.40) into the boundary conditions Eqs. (3.41)～

(3.43), we can obtain 8 equations with 8 variables. To keep those variables having values 

different from zero, we obtain the dispersion equation as shown in Eq. (3.44). 

3.4.2 Dispersion Curves 

Fig. 3.19 shows the dispersion curves of the Steel-Water-Concrete layered media, with 3 

different thicknesses of the water layer, in order to find out the effect of water layer thickness 

to the shape of curves. The material constants used in Fig. 3.19 are shown in Table 3.3. 

Table 3.3 Material constants of the Steel-Water-Concrete layered media. 

Material CL (m/s) CT (m/s) ࣋ (kg/m3) Thickness (mm) 

Steel 5870 3140 7800 H 

Water 1500 / 1000 

Model 1 h=0.02H 

Model 2 h=0.05H 

Model 3 h=0.10H 

Concrete 4000 2450 2400 ∞ 
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When two solid layers (steel and concrete) are inserted by a thin liquid layer (water), only 

two wave modes are found in the area where phase velocity is smaller than transverse velocity 

in the steel plate (்ܿଵ). The 1st mode, which starts from zero value when ݇ܪ = 0, is born with 

the liquid layer beneath a solid layer. This wave is actually only propagating on the interface 

of solid and liquid, called Scholte wave. It is a significant difference on dispersion curves 

between the media with liquid layer and that without liquid layer. We will further introduce this 

wave mode in Section 3.7. In Fig 3.19, we can clearly see that this Scholte wave mode (the 1st 

mode) is strongly affected by the water layer thickness. When the thickness is relatively thin, 

the growth of the wave velocity is slow. However, its limit value when ݇ܪ increases is always 

approximately the transverse velocity in the liquid layer, very close, but not reach that value. 

On the other hand, the 2nd wave mode is less sensitive to the thickness of water layer, and the 

shape is very similar with the 1st wave mode of Steel-Epoxy-Concrete layered media case, 

which are both the “hook-like” shape. 
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Fig. 3.19 Dispersion curves of a Steel-Water-Concrete media: 

solid line, phase velocity; dashed line, group velocity.
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3.5 Wave Dispersion in Steel-Spring-Concrete Layered Media 

In the previous section, we obtained the dispersion curves of a steel-water-concrete layered 

media, and discover the existence of Scholte wave on the solid-liquid interface. The liquid layer 

can deliver normal stress on ݖ direction, but is not able to deliver shear stress on ݔ direction 

if it is non-viscous. Therefore, the effect of a water layer between two solid layers is very close 

to the function of spring element which has only vertical stiffness. To verify this, we design a 

model of steel-spring-concrete layered media with spring’s constant of ݏ, and compare its 

dispersion curves with that of steel-water-concrete layered media. If they are identical with 

each other, then the simplified spring model can substitute the liquid layer contained model in 

the numerical simulations (FEM, BEM) of this type of problems, which can significantly 

simplify the meshing and decrease the size of the problems. If they are somehow different, then 

the explanation can also be given through the comparison of their dispersion curves.  

 

Fig. 3.20 Steel-Spring-Concrete layered model. 

As shown in Fig. 3.20, for a Steel-Spring-Concrete layered model which contains two solid 

layers connected by universally distributed springs, as mentioned in Eqs. (3.26)～(3.29), it can 

be assumed that there are plane waves propagating in the two solid layers as the forms of: 

߮ଵ = ௜(ఠ௧ି௞௫)ିఔభ௭݁ܣ + ߰ଵ											௜(ఠ௧ି௞௫)ାఔభ௭݁ܤ = ௜(ఠ௧ି௞௫)ିఔభᇲ௭݁ܥ + 	௜(ఠ௧ି௞௫)ାఔభᇲ௭݁ܦ
߮ଶ = ߰ଶ											௜(ఠ௧ି௞௫)ିఔమ௭݁ܧ = 	(3.45)																													௜(ఠ௧ି௞௫)ିఔమᇲ௭݁ܨ
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Then, for the free surface, the tractions should be free; for the spring connection on the 

interface between two solid layers, the continuity of normal traction is required, and the normal 

traction should be equal to the product of the spring constant ݏ	(ܰ/݉ଷ) and the displacement 

difference of the two layers. Considering all these boundary conditions, and the expressions in 

Eqs. (3.7)～(3.10), the following equations can be listed: 

௭௫ߪ = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0												
௭௭ߪ = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = ݖ		ݐܽ													0 = 0							(3.46)	

and, 

ଵ(௭௫ߪ) = 0							; ଶ(௭௫ߪ)						 = 0	
ݏ ∙ ሾ(ݑ௭)ଶ − ଵሿ(௭ݑ) = ଵ(௭௭ߪ) = ݖ		ݐܽ													ଶ(௭௭ߪ) = 	(3.47)							ܪ

where ܪ is the thickness 1st layer, and ݏ is the spring constant, whose dimension is ܰ/݉ଷ. 

If we substitute the expression of Eq. (3.45) into the boundary conditions Eqs. (3.46)～

(3.47), we can obtain 6 equations with 6 variables. To keep those variables having values 

different from zero, we obtain the dispersion equation as shown in Eq. (3.48). 
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The spring components applied in this model are be attempted to substitute the effect of 

water layer, since they have similar mechanism of normal traction transmit and shear traction 

isolation. However, how large the spring constant should be in this model is a question for us. 

Hence, we tried numbers of different values of the spring constant to find the most appropriate 

one. In Fig. 3.21, various shapes of the dispersion curve of the 1st mode are shown with 8 

different values of spring constant. To emphasize the most sensitive part, only the range of 0 ܪ݇> < 2  is shown. As you can see, when the value of spring constant increases from 1.0݁5	ܰ/݉ଷ to 1.0݁12	ܰ/݉ଷ, the curves change the shape from a nearly linear one to a 

“hook-like” one. When the spring constant is small, the curve behaves like the A0 mode of the 

“steel plate in vacuum” model (blue curve in Fig. 3.21), which makes sense because when the 

spring is weak, this model will approximately become a steel plate floating in the vacuum, 

lacking the interaction with the bottom solid layer. On the other hand, when the spring constant 

is big enough, the curve behaves like the perfectly bonded case, which means the spring is so 

strong to become rigid tight between the two solid layers.  

 

Fig. 3.21 Dispersion curves of Steel-Spring-Concrete media with different spring constant. 
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Fig. 3.22 Comparison of dispersion curves of Steel-Spring-Concrete model and Steel-Water-

Concrete model: solid line, phase velocity; dashed line, group velocity.  

In Fig. 3.22, both the dispersion curves of the Steel-Spring-Concrete media and the Steel-

Water-Concrete media have been put in for comparison, in which the thickness of water layer 

is 0.02ܪ (ܪ is the thickness of steel plate here), and the spring constant s is 1.0݁11	ܰ/݉ଷ. 

In the spring model, only one wave mode shows, which is plotted by red curves; on the other 

hand, in the water layer model, two modes exist, and one of them is the Scholte wave, plotted 

by black curves. However, the phase velocity of the 1st wave mode of the spring model is almost 

identical with that of the 2nd mode of the water layer model, which indicates that spring can 

partly substitute the effect of water layer on dispersion property. The 1st wave mode of the 

water layer model, i.e. the Scholte wave, only exist on the solid-liquid interface. Therefore, 

through the spring model we cannot obtain it, and that is the major difference between these 

two models. However, if the wave propagation on the solid-liquid interface is not concerned in 

some problems, but only the delivery of stress is focused on, then the spring model can 

successfully substitute the liquid layer contained model in the numerical simulations. From this 

comparison we can also find that the spring constant of 1.0݁11	ܰ/݉ଷ level is almost equal 

to the water layer of 0.02ܪ thickness on elastic property.  
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3.6 Wave Dispersion in Steel-Water-Epoxy-Concrete Layered Media 

To compare the case of steel-epoxy-concrete multi-layered media in Section 3.3, we will 

add a water layer between the steel plate and the epoxy, to see what difference will be caused 

on the behavior of the dispersion curves. The results of this section will also be used in Chapter 

6 to detect the existence of water layer beneath the steel plate. 

3.6.1 Dispersion Equation and Dispersion Curves 

 

Fig. 3.23 Steel-Water-Epoxy-Concrete layered model. 

As shown in Fig. 3.23, for a Steel-Water-Epoxy-Concrete layered model which contains a 

liquid layer, as mentioned in Eqs. (3.26)～(3.30), it can be assumed that there are plane waves 

propagating in the three layers as the forms of: ߮ଵ = ௜(ఠ௧ି௞௫)ିఔభ௭݁ܣ + ߰ଵ					௜(ఠ௧ି௞௫)ାఔభ௭݁ܤ = ௜(ఠ௧ି௞௫)ିఔభᇲ௭݁ܥ + 	௜(ఠ௧ି௞௫)ାఔభᇲ௭݁ܦ
߮ଶ = ௜(ఠ௧ି௞௫)ିఔమ௭݁ܧ + 																																																																																	௜(ఠ௧ି௞௫)ାఔమ௭݁ܨ
߮ଷ = ௜(ఠ௧ି௞௫)ିఔయ௭݁ܩ + ߰ଷ					௜(ఠ௧ି௞௫)ାఔయ௭݁ܪ = ௜(ఠ௧ି௞௫)ିఔయᇲ௭݁ܫ + 			௜(ఠ௧ି௞௫)ାఔయᇲ௭݁ܬ
	߮ସ = ߰ସ																																							௜(ఠ௧ି௞௫)ିఔర௭݁ܭ = 	(3.45)																																௜(ఠ௧ି௞௫)ିఔరᇲ௭݁ܮ
Then, for the free surface, the tractions should be free; for the interfaces between solid 

layer and liquid layer, the continuity of tractions and displacements on the normal direction is 

required, and the tractions of solid sides on the shear direction should be vanished; for the 

interfaces between two solid layers, the continuity of tractions and displacements is required. 
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Considering all these boundary conditions, and the expressions in Eqs. (3.7)～(3.10), the 

following equations can be listed: 

௭௫ߪ = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0												
௭௭ߪ = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = 0													at		ݖ = 0							(3.46)	

and 

ଵ(௭ݑ) = ߲߮ଵ߲ݖ + ߲߰ଵ߲ݔ = ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ 	
ଵ(௭௫ߪ) = ଵߤ ቆ2 ߲ଶ߮ଵ߲ݖ߲ݔ − ߲ଶ߰ଵ߲ݖଶ + ߲ଶ߰ଵ߲ݔଶ ቇ = 0	

ଵ(௭௭ߪ)			 = ଵߣ) + ଶ߮ଵߘ(ଵߤ2 − ଵߤ2 ቆ߲ଶ߮ଵ߲ݔଶ − ߲ଶ߰ଵ߲ݖ߲ݔቇ = ଶ(௭௭ߪ) = ݖ		ݐܽ									ଶ߮ଶߘଶߣ = 	(3.47)						ܪ
and 

ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ = ଷ(௭ݑ) = ߲߮ଷ߲ݖ + ߲߰ଷ߲ݔ 	
ଷ(௭௫ߪ) = ଷߤ ቆ2߲ଶ߮ଷ߲ݖ߲ݔ − ߲ଶ߰ଷ߲ݖଶ + ߲ଶ߰ଷ߲ݔଶ ቇ = 0	

ଶ(௭௭ߪ)									 = ଶ߮ଶߘଶߣ = ଷ(௭௭ߪ) = ଷߣ) + ଶ߮ଷߘ(ଷߤ2 − ଷߤ2 ቆ߲ଶ߮ଷ߲ݔଶ − ߲ଶ߰ଷ߲ݖ߲ݔቇ		
ݖ		ݐܽ = ܪ + ℎ					(3.48)	

and 

ଷ(௫ݑ) = ߲߮ଷ߲ݔ − ߲߰ଷ߲ݖ = ସ(௫ݑ) = ߲߮ସ߲ݔ − ߲߰ସ߲ݖ 	
ଷ(௭ݑ) = ߲߮ଷ߲ݖ + ߲߰ଷ߲ݔ = ସ(௭ݑ) = ߲߮ସ߲ݖ + ߲߰ସ߲ݔ 	
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ଷ(௭௫ߪ) = ଷ(௭௭ߪ)	ସ(௭௫ߪ) = ݖ		ݐܽ																			ସ(௭௭ߪ) = ܪ + ℎ + ݀						(3.49)	
where ܪ, ℎ, and ݀ are the thickness of 1st, 2nd, and 3rd layer accordingly. 

If we substitute the expression of Eq. (3.45) into the boundary conditions Eqs. (3.46)～

(3.49), we can obtain 12 equations with 12 variables. To keep those variables having values 

different from zero, we obtain the dispersion equation as shown in Eq. (3.50). 

By solving the dispersion equation Eq. (3.50) with the bisection method based algorithm 

mentioned in Section 3.2.2, the dispersion curves, which indicate the relation between wave 

number or frequency versus phase velocity, can be plotted as shown in Fig. 3.24. The material 

constants used in Fig. 3.24 are shown in Table 3.4.  

Table 3.4 Material constants of the Steel-Epoxy-Concrete layered media. 

Material CL (m/s) CT (m/s) 
 ࣋

(kg/m3)
Thickness 

(mm) 

Steel 5870 3140 7800 4.5 

Water 1500 / 1000 0.09 

Epoxy 2500 1112 1120 5 

Concrete 4000 2450 2400 ∞ 

Fig. 3.24 presents the dispersion curves of a Steel-Water-Epoxy-Concrete layered media. 

Compared with Fig. 3.14, the dispersion curves of a Steel-Epoxy-Concrete layered media, the 

most significant difference is the existence of Scholte wave mode in the water-layer-contained 

model, whose asymptotic velocity in high frequency range is the longitudinal wave velocity in 

water (ܿ௪). More details about Scholte wave will be given in Section 3.7. The value and pattern 

of the other modes are very close in these two models. The 2nd mode (if we call the Scholte 

wave as the 1st mode) starts from the Rayleigh wave speed of half-space (4th layer) ܿோସ, and 

other modes start from transverse wave speed of half-space (4th layer) ்ܿସ  with cutoff 

frequencies. All the modes asymptotically trend to the transverse wave speed of 3rd layer ்ܿଷ 

as frequency tends towards infinity. 
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Fig. 3.24 Dispersion curves of a Steel-Water-Epoxy-Concrete media: 
solid line, phase velocity; dashed line, group velocity. 
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3.6.2 Wave Structure Analysis 

Fig. 3.25～Fig 3.27 show the wave structures of first three modes of the Steel-Water-

Epoxy-Concrete layered media. Since the amplitudes of displacements in the water layer are 

much larger and always linear, the wave structures are shown separately without showing the 

one in water layer. As we can see from those figures, the most notable differences of wave 

structure between each modes are found in the epoxy layer (the 3rd layer), from which we can 

easily distinguish those modes from each other. Also, when the frequency goes high (݇ܪ	 =	5), higher order mode behaves more curving than lower order mode. The analysis of wave 

structure can help us to judge the correctness of the plotting of the dispersion curves, and to 

understand the development of the displacements in each layers when the frequency changes. 

3.7 Scholte Wave 

Now we look into the wave mode that always exists when there is a liquid layer among 

the solid layers, the Scholte Wave, or the Stoneley-Scholte Wave [Talmant et al., 1989; Uberall 

et al., 1994; Bao et al., 1997; Sessarego et al., 1997]. 

 

Fig. 3.28 A solid-liquid interface. 

For a two layer model with a solid-liquid interface as shown in Fig. 3.28, we can list the 

boundary conditions as: 

ଵ(௭ݑ) = ߲߮ଵ߲ݖ + ߲߰ଵ߲ݔ = ଶ(௭ݑ) = ߲߮ଶ߲ݖ + ߲߰ଶ߲ݔ  
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Fig. 3.25 Wave structures of 1st, 2nd, and 3rd modes of a Steel-Water-Epoxy-Concrete layered media, when kH=1, showing ݑ (blue line) and ݓ 
(red line) displacement profiles in layers of steel (a,b,c), epoxy (d,e,f), and concrete (g,h,i) respectively.

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 
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Fig. 3.26 Wave structures of 1st, 2nd, and 3rd modes of a Steel-Water-Epoxy-Concrete layered media, when kH=3, showing ݑ (blue line) and ݓ 
(red line) displacement profiles in layers of steel (a,b,c), epoxy (d,e,f), and concrete (g,h,i) respectively.

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 



58 
 

 

 

 

Fig. 3.27 Wave structures of 1st, 2nd, and 3rd modes of a Steel-Water-Epoxy-Concrete layered media, when kH=5, showing ݑ (blue line) and ݓ 
(red line) displacement profiles in layers of steel (a,b,c), epoxy (d,e,f), and concrete (g,h,i) respectively.

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 
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ଵ(௭௭ߪ) = ଵ(௭௫ߪ)	ଶ(௭௭ߪ) = ݖ		ݐܽ																																0 = 0.														(3.51)	
The boundary equations yield a determinant, the solutions of which correspond to the 

existence of surface waves propagating at the interface between a solid and a liquid media. The 

resolution of the determinant reduces to the following secular equation: 

4 ቀ்ܿܿቁଶ ൤1 − ቀ்ܿܿቁଶ൨ଵ ଶ⁄ ቈ൬்ܿܿ௅൰ଶ − ቀ்ܿܿቁଶ቉ଵ ଶ⁄ − ൤1 − 2 ቀ்ܿܿቁଶ൨ଶ = ߩᇱߩ ێێۏ
ቀ்ܿܿ௅ቁଶۍ − ቀ்ܿܿቁଶ൬்ܿܿ௅ᇱ ൰ଶ − ቀ்ܿܿቁଶۑۑے

ଵې ଶ⁄
 

(3.52) 
where the ′ denotes the material properties of the fluid [Billy and Quentin, 1983].  

From Eq. (3.52), three waves can be deduced: 

Rayleigh Wave:  When ߩᇱ ≪  e.g. air to solid, the right term can be neglected and the ,ߩ	

equation reduces to the following form, which is the Rayleigh’s equation:  

൬ ்ܿܿ ൰଺ − 8 ൬ ்ܿܿ ൰ସ + 8 ൬ ்ܿܿ ൰ଶ ቈ3 − 2 ൬்ܿܿ௅൰ଶ቉ − 16 ቈ1 − ൬்ܿܿ௅൰ଶ቉ = 0														(3.53)	
Leaky Rayleigh Wave:  The influence of the liquid is expressed by the term on the RHS 

of Eq. (3.52). Usually the inequality ܿ௅ᇱ < ܿ < ܿ௅  is satisfied and this additional term is 

imaginary. The equation is then satisfied for only complex values of variable ܿ . The 

corresponding wave decays when it propagates on the surface because it continuously radiates 

energy back into the liquid media at the Rayleigh angle ߠோᇱ = sinିଵ(ܿ௅ᇱ ܿோᇲ⁄ ) . In this 

relationship ܿோᇲ is the velocity of Leaky Rayleigh Wave in the solid bounded by a liquid and 

the inequality ܿோ	 ≲ ܿோᇲ is always satisfied.  

Scholte Wave:  In addition to the generalized Rayleigh wave it has been shown that a real 

solution of Eq.(3.52) exists. This solution corresponds to a surface wave whose phase velocity 
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is somewhat smaller than the acoustic velocity in the liquid (ܿௌ	 ≲ ܿ௅ᇱ ). Most of its energy is 

localized in the liquid and its direction of propagation is parallel to that of Rayleigh wave. 

  

Fig. 3.29 Rayleigh Wave, Leaky Rayleigh Wave and Scholte Wave on the solid-air,  
and solid-water interfaces. 

The relationship of these three waves and their propagation on the solid-air, solid-water 

interfaces can be described by Fig. 3.29. 

 

Fig. 3.30 Dispersion curves of a steel-water half space model.  

Fig. 3.30 presents the dispersion curves of a model of lying a steel plate on a water half 

space. We can clearly find the Scholte wave who has a limit velocity very close to the acoustic 

velocity in water. The A0 mode has almost the same trend with Scholte wave at low frequencies, 

ோᇱߠ  
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but when frequency increases, it reaches to the Rayleigh wave velocity of steel (ܿோ) instead of ܿ௪. 

Since the Scholte wave is principally located propagating in the liquid, and the wave is of 

maximum intensity at the interface and decreases exponentially away from the interface into 

both the fluid and the solid media [Luppe and Doucet, 1988], people can hardly detect it from 

the solid side, if the solid layer is thick. Many researches about obtaining this wave were all 

based on the measurement in the liquid [Favretto and Rabau, 1997; Cegla et al., 2005]. Though 

from the aspect of dispersion curves, we can clearly find the difference between “with water 

layer model” and “without water layer model” through the existence of Scholte wave, we can 

hardly obtain it experimentally if we set our transducer on the solid side. 

3.8 Summary 

Dispersion curves and wave structures of different multi-layered media have been obtained 

through the solving of dispersion equations respectively. The cases of pure solid and water 

layer contained can be compared on the aspect of dispersion curves. The most significant 

difference is the existence of Scholte wave mode when there is solid-liquid interface in the 

multi-layered media. However, the detection of Scholte wave will meet some restriction. Hence, 

in order to distinguish the water layer beneath a solid layer by using dispersion curves, shape’s 

change of other wave modes, especially the 1st mode, needs to be paid more attention. Among 

these different cases, the dispersion curves analysis of Steel-Epoxy-Concrete layered media 

will be continued in the next chapter with epoxy’s material constants varying. The wave 

structure analysis is very helpful for us to judge the modes’ development when we have modes’ 

intersection or adjacency on the curves. For the future work, the algorithm of the root searching 

can be improved by a more advanced large size matrix solving program to reduce the 

calculation time.  
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CHAPTER 4 

MATERIAL PROPERTY ESTIMATION IN 

LAYERED MEDIA 

4.1 Introduction 

This chapter will focus on the first applied instance of this study: the material property 

estimation for multi-layered media. In the results of Chapter 3, we can obtain the theoretical 

dispersion curves of Steel-Epoxy-Concrete layered media with different material constants of 

the epoxy layer. Then in this chapter, an ultrasonic NDE test on the steel-epoxy-concrete 

bonding specimens will be taken. The SASW method will be applied into data processing to 

obtain the experimental dispersion curves of the specimen. Through an inversion process based 

on a variance function for multi-modes between the analytical and experimental dispersion 

curves, the elastic property of the epoxy layer can be estimated, which will be introduced in 

the Explicit Finite Element Method (EFEM) model as the material property setting. Through 

the 3-D EFEM simulation, the surface wave propagation inside the specimen can be visualized, 

and the numerical dispersion curves can also be plotted through the spectrum analysis of 
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numerical waveforms. The numerical result can be used to further verify the accuracy of the 

material property estimation approach.  

4.2 Analysis of Dispersion Curves 

 

Fig. 4.1 A Steel-Epoxy-Concrete 3 layers model: 2 layers overlying on a half space. 

The dispersion curves of multi-layered media are quite sensitive to layer’s material 

properties. The stiffening (longitude and transverse phase velocities of lower layer are larger 

than those of upper layer) and softening (phase velocities of lower layer are smaller than those 

of upper layer) media can have significantly different dispersion properties. For instance, in a 

copper-epoxy-aluminum composite media [Wu and Chen, 1996], in which the third layer 

aluminum has the highest phase velocity, only one mode can be activated in the concerned 

frequency range, and in high frequency range, wave propagates with Rayleigh wave speed of 

the first layer; in a softening layered media however, due to a low phase velocity of the half-

space, when the phase velocity nearly equals the transverse velocity of the half-space, the mode 

will cease to propagate, which is called “cutoff effect” [Nayfeh and Chimenti, 1984]. Here, a 

model of steel-epoxy-concrete layered media is studied, which belongs to the softening media 

as concrete in the bottom and softest material epoxy in the middle, as shown in Fig. 4.1.  

In Table 4.1, four models of material property are presented. In all of these models, the 

properties of steel layer are set to be unchangeable. To understand the effect of different 
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material properties of epoxy layer to dispersion curves, the phase velocities of epoxy are raised 

in sequence from Model 1 to Model 3, where all of these settings are based on a real possibility 

of epoxy material. The material of concrete is approximated as homogeneous in those 

analytical models, and because it is difficult to be precisely qualified on its elastic constants, 

we propose an enhanced constants setting of concrete in Model 4 to see its influence. Fig. 4.2 

shows the analytical dispersion curves of the four models in Table 4.1.  

Table 4.1  Material parameters assumptions for analytical dispersion curves 

 

Model 
Layer’s 
Material 

P-wave 
velocity 
CL (m/s) 

S-wave 
velocity 
CT (m/s) 

Density 
(kg/m3) 

Thickness 
(mm) 

Model 1 
Steel 5870 3140 7800 4.5 

Epoxy 1600 800 1120 5 
Concrete 3400 2200 2400 ∞ 

Model 2 
Steel 5870 3140 7800 4.5

Epoxy 2000 1000 1120 5 
Concrete 3400 2200 2400 ∞ 

Model 3 
Steel 5870 3140 7800 4.5 

Epoxy 2500 1112 1120 5 
Concrete 3400 2200 2400 ∞

Model 4 
Steel 5870 3140 7800 4.5 

Epoxy 2500 1112 1120 5 
Concrete 4000 2450 2400 ∞ 

In Model 1 (Fig. 4.2 a), phase velocities of all the modes decrease faster than they do in 

other models as the lowest phase velocity of the 2nd layer is assumed. An interesting 

phenomenon is that the dispersion curve of the 4th mode seems to be cut when its phase velocity 

reaches ்ܿଷ, and be excited again when frequency increases. This phenomenon again confirms 

that the phase velocity of guided waves must be less than the shear wave velocity of the last 

layer in a stratified half-space. Otherwise, the energy of this guided wave will be infinite when 

the depth ݖ tends towards infinity [Zhang and Lu, 2003]. In Model 2 (Fig. 4.2 b), due to the 

increment of elastic constants of epoxy layer, the “hook” of the 1st mode curve is pulled up to 

meet the 2nd mode closely. Then in Model 3 (Fig. 4.2 c), with a relative high elastic constants 

of epoxy, the 1st mode has crossed over the 2nd mode and reaches closely to ்ܿଷ, which is the 
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limitation of the wave speed in this media. In Model 4 (Fig. 4.2 d), the high elastic constants 

of concrete has clearly lifted the curves of all the modes up as the maximum values of those 

curves are determined by the material property of half-space, however, the minimum values, 

determined by the second layer, are almost same as the ones in Model 3. 

 

Fig. 4.2 Dispersion curves of a steel plate in vacuum (symmetric modes) 

Different frequency ranges of dispersion curves are sensitive or insensitive to different 

parameters. In relative high frequency range (above 230kHz), theoretically, the dispersion 

curves are sensitive to the change of elastic properties: ܿ௅ and ்ܿ of epoxy layer. However, 

due to the decrease of 1st mode’s velocity, and more energy contribution of other higher modes, 

those multi-modes are hard to be detected and distinguished. When the frequency goes even 

higher, for a wave with very short wavelength, the layered half-space is equivalent to a 

homogeneous half-space composed of the first layer’s material only. Hence, although 

theoretically, there is no mode can be excited whose phase velocity is greater than ்ܿଷ, it still 

should be considered that the limit of the phase velocity in high frequency range is ܿோଵ, which 

is the Rayleigh wave speed of the first layer. The practical measurement also shows that, in 

high frequency range, the detectable wave’s speed is quite close to the Rayleigh wave speed of 
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steel. Therefore, for the parameter of epoxy’s elastic constants, we found that the range of 

20kHz~160kHz, which is around the “hook” shape part of the 1st mode, is the most 

distinguishable and sensitive part of dispersion curves with even small change of elastic 

constants values. After knowing each parameter’s effect on dispersion curves and its sensitivity 

to those parameters, we decide to use ultrasonic transducer of 200kHz central frequency as 

transmitter and receiver, and we can roughly predict the shape of the analytical dispersion 

curves and the range of phase velocities before conducting calculation, which can efficiently 

improve the inversion process in the later work [Shen et al., 2014]. 

4.3 Ultrasonic Nondestructive Test on Steel-Epoxy-Concrete Layered 
Specimen 

4.3.1 Experiment Setup 

A steel-epoxy-concrete 3 layer bonding specimen has been manufactured approximating 

to the composite structure on RC bridge strengthened by steel plates. Firstly a concrete block 

(400mm×400mm×150mm) was casted, then it was supported above a steel plate (500mm×

500mm×4.5mm) with a gap of 5mm, after that the epoxy was injected into the gap evenly, as 

shown in Fig. 4.3. When the epoxy finished hardening, the ultrasonic transducers can be set on 

the steel plate (Fig. 4.4). 

To get the compressive elastic modulus (ܧ௖) of the concrete casted in the specimen, a 

compression test has been conducted on sample concrete cylinder, with diameter of 100mm, 

length of 200mm, and density of 2400݇݃/݉ଷ. Fig. 4.5 shows the deformation (compressive 

strain) of the cylinder under the compressive loads from 0kN to 156kN. Two strain gauges were 

installed on the opposite sides of the cylinder, and the respective strain values were averaged 

as the deformation of cylinder. According to the linear fitting, the compressive elastic modulus ܧ௖ = 28.92Gpa. 
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Fig. 4.3  A Steel-Epoxy-Concrete specimen (epoxy injection). 

 
Fig. 4.4  Ultrasonic transducers setting on the specimen. 

 
Fig. 4.5  Diagram of the bisection method based algorithm for roots searching. 
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However, in this study, the dynamic modulus (ܧௗ ) of concrete rather than the static 

compressive modulus (ܧ௖) should be used. Several attempts have been made to correlate static 

compressive (ܧ௖) and dynamic (ܧௗ) moduli for concrete [Neville, 1997; Lydon and Balendran, 

1986]. The simplest of these empirical relations is proposed by [Lydon and Iacovou, 1995]: ܧ௖ 	=  (4.1)																																																															ௗܧ	0.83	
According to Eq. (4.1), the dynamic modulus of the concrete used in the specimen is ܧௗ =34.84Gpa. With a given Poisson’s ratio of 0.2, the longitudinal and transverse phase velocity 

of the concrete used in the specimen is about: ܿ௅ = ்ܿ ;ݏ/4000݉ =  These values .ݏ/2450݉

will be used in the following inversion process, as the known parameters of the analytical 

dispersion curves. 

Fig. 4.6 shows the setup of the nondestructive test on the steel-epoxy-concrete 3 layer 

specimen. Two normal-type ultrasonic transducers of frequency of 200kHz are used in this 

NDE test. A pitch-catch method is applied, with one transducer as transmitter and another one 

as receiver. To keep good signal coherence, the transmitter and receiver are the same type. The 

diameter of the transducer’s contact surface is 34.2mm. They are vertically set on the plane of 

the specimen, to produce normal-type ultrasonic wave. As conducting media, Glycerine is 

pasted between transducers and specimen. The contact pressure of transmitting and receiving 

transducer is produced by their self-weight of 325g. An integrated high power ultrasonic 

pulser&receiver is utilized in this test. The generated frequency range of pulser is 30kHz～

10MHz, and the detectable frequency range of receiver is 300Hz～30MHz. In this test, one 

cycle of pulse wave (rectangular wave) with frequency of 200kHz is employed as incident 

wave and will be generated by the pulser. The pulser&receiver is controlled by a portable 

computer with parameter setting and pulser’s trigger releasing. The received signal is also 

recorded in the PC with real-time wave form presenting and FFT spectrum analyzing. This 

ultrasonic testing system is light-weight, portable for field testing; meanwhile, it has a wide 
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working frequency range for different objective to be detected, as long as corresponding 

working frequencies’ transducers are utilized. 

 

Fig. 4.6  Experiment setup. 

4.3.2 Test’s Procedure and Transducers’ Calibration Setting 

To know the transducers’ characteristic more specifically, a pulse-echo test has been 

conducted on a homogeneous Polymethylmethacrylate (PMMA) block, with the dimension of 

400mm×152mm×152mm. Identical with the following tests, one cycle of 200kHz pulse 

wave is generated by the pulser, which is transmitted by the transducer and reflected by the 

opposite face (152mm) of the block, then received by the same transducer. Fig. 4.7 shows the 

waveform of the 1st reflected wave; Fig. 4.8 shows its Fourier spectrum, from which we can 

see that the effective frequency range of this type of transducer is from 50kHz to 350kHz, as 

the incident wave is 200kHz. 

 

Fig. 4.7  Pulse-Echo test on a homogeneous PMMA block: received waveform. 
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Fig. 4.8  Pulse-Echo test on a homogeneous PMMA block: Fourier spectrum. 

As shown in Fig. 4.9, the receiver is positioned on two spots symmetrically off the center 

line with a distance D apart. These two spots are marked as R1 and R2, and the position of 

transmitter is marked as T. During the test, the receiver is firstly positioned on R1, detecting the 

surface wave signal from R1, then it is shifted to R2, keeping the same pulse wave from the 

transmitter on T. Although the signals from R1 and R2 are not recorded simultaneously, by 

keeping the pulser’s parameters and distance between transmitter and receiver identical, this 

method of single receiver shifting can be equivalent to the detection using double receivers 

simultaneously. 

Fig. 4.9 shows the plan of transducer setting in the experiment. Because our interested 

frequency range is about 20kHz~160kHz, and especially 20kHz~60kHz, in which the most 

distinguishable (sensitive) part: the bottom of the 1st mode’s “hook” exists, so a relatively large 

spacing between receivers is adopted. In low frequency range (below 50kHz), the 

corresponding long wavelength requires a relative large receiver spacing, that can probe the 

wave signal distinctly. For example, at f =20kHz, the wavelength is about 75mm, to which a 

comparative receiver spacing distance is needed. However, based on practical experience from 

repeatedly testing, a too large spacing may cause significant signal attenuation from R1 to R2, 

which is a negative effect in spectral analysis afterwards. In the experiment, the spacing D 
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between R1 and R2 is shifted from 15mm, with every 15mm’s interval, until 75mm to find a 

most proper distance from multiple concerns. Meanwhile, to compare the data collected from 

two opposite directions, the transmitter is also positioned on two symmetrical spots. 

Theoretically, if the material is isotropic and homogeneous, and the epoxy layer has uniform 

thickness, the results obtained from the opposite direction should be the same.  

 

Fig. 4.9  Transducers’ position setting on the specimen. (TL: transmitter on LHS, TR: 
transmitter on RHS, R1: receiver 1, R2: receiver 2.) 

4.4 Spectral Analysis of Surface Waves 

From the NDE test, the waveform data in time domain can be obtained. However, it is 

difficult to extract information regarding to the dispersion properties directly from the time 

domain signals. The Fast Fourier Transform (FFT) and Spectral Analysis of Surface Waves 

(SASW) are needed in the signal processing [Nazarian and Desai, 1993]. Then, in frequency 

domain, the phase difference of the two receivers can be obtained, from which, the relation 

between phase velocity and frequency or wavenumber, namely, dispersion curves can be 

plotted experimentally. 
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Fig. 4.10  Transmitter and receiver’s coordinates on the layered media. 

The transducers’ coordinates are already shown in Fig. 4.10. If we transform the time 

domain wave form into frequency domain using FFT, we can have the cross-power spectrum, ܵ௫̅ଵ,௫ଶ(݂), between the two signals from R1 and R2 with distance D, which is defined as 

ܵ௫̅ଵ,௫ଶ(݂) = 1݊෍ሼሾܴଵ(݂)ሿ௜ ∙ ሾܴଶ∗(݂)ሿ௜ሽ௡
௜ୀଵ 																																								(4.2) 

where ܴଵ(݂) and ܴଶ(݂) correspond to the Fourier transforms of time records from two 

receivers located a distance D apart. The bar above ܵ௫̅ଵ,௫ଶ(݂) corresponds to the frequency-

domain average of several records. Parameter n is the number of records averaged, in this study, 

n = 3 is adopted. The asterisk above ܴଶ(݂) corresponds to the complex conjugate operator. 

Another important function here is the coherence function,	ߛଶ(݂), which characterizes the 

signals’ reliability. It is calculated from: 

(݂)ଶߛ = หܵ௫̅ଵ,௫ଶ(݂)หଶ̅ܣ௫ଵ(݂) ∙  (4.3)																																																					௫ଶ(݂)ܣ̅
where ̅ܣ௫ଵ(݂) and ̅ܣ௫ଶ(݂) correspond to the averaged auto power spectra of records 

from receiver 1 and receiver 2, respectively. The auto power spectrum for a record ̅ܣ௫௞(݂) is 

defined as: 
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(݂)௫௞ܣ̅ = 1݊෍ሼሾܴ௞(݂)ሿ௜ ∙ ሾܴ௞∗(݂)ሿ௜ሽ௡
௜ୀଵ 													(݇ = 1, 2)																						(4.4) 

From RHS of Eq. (4.4), we can see that everything is averaged by n times, which means 

the value of coherence function ߛଶ(݂) is a measurement of experimental repeatability. If the 

recorded signals are reliable, then only tiny difference exists among n times’ repeat, and the 

value of ߛଶ(݂) will approach to the unity. 

For each frequency f, the phase shift ߶ can be picked from the cross-power spectrum. 

The cross-power spectrum ܵ௫̅ଵ,௫ଶ(݂) is a complex-valued parameter. Therefore, the phase is 

calculated from: 

߶ = ଵି݊ܽݐ ௫̅ଵ,௫ଶ(݂)൧ܴ݈݁ܽൣܵ௫̅ଵ,௫ଶ(݂)൧ܵൣ݃ܽ݉ܫ 																																																(4.5) 
Knowing the phase, the travel time ݐ can be calculated by: ݐ =  (4.6)																																																																			݂ߨ2߶

and the phase velocity c can be obtained by: ܿ = ݐܦ = ଵݔ − ݂ߨଶ߶2ݔ = ݂ߨ2 ଵݔ − ߶ଶݔ 																																								(4.7) 
where ܦ	 = ଵݔ −   .ଶ  is the distance between the receiversݔ

From Eq. (4.7), the relation between phase velocity ܿ  and frequency ݂  is revealed, 

according to which the experimental dispersion curves can be plotted. 

4.5 Estimation of Elastic Properties of Epoxy Layer 

4.5.1 Experimental Dispersion Curves 

Fig. 4.11 a shows the earlier arrived waveforms observed by the receiver located on R1 

and R2 when the transmitter is located on the left and right hand side respectively, (see Fig. 4.9 
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as reference). Fig. 4.11 b shows the later arrived waveforms observed in the two opposite 

settings.  From both figures, we can clearly see that the waveforms obtained from the two 

opposite position settings of the transducer are quite close, which reveals a good “homogeneity” 

from different areas of the specimen. In order to focus on the surface wave only but not the 

reflected wave, a waveform of a short time period (about 130	ݏߤ  here) is cropped. The 

attenuation of the surface wave after 60mm’s propagation is clear through the amplitude 

comparison between waveforms in Fig. 4.11 a and b.  

 

 

Fig. 4.11  Received waveforms when D=60mm: a, earlier arrived; b, later arrived. 
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Fig. 4.12  Fourier spectra of waveforms shown in Fig. 4.11: 

a, received by R1, emitted by TL; b, received by R2, emitted by TL; 
c, received by R2, emitted by TR; d, received by R1, emitted by TR. 



76 
 

Figs. 4.12 a to d show the Fourier spectra of the waveforms in Fig. 4.11. The Fourier 

spectrum gives a clear sight that main energy of those waves is distributed between 0kHz to 

300kHz, among which, around very low frequency near 0kHz and 150kHz, the energy 

distribution is low with some notable amplitude drops. Usually, for ultrasonic transducer, the 

performance in very low frequency part is tricky, limited by the working range of the transducer. 

In the spectral analysis, the waveform with a general even energy distribution on considered 

frequency range is preferred. The amplitude drop in frequency domain will bring phase 

information loss, which will be discussed later. 

With the Fourier spectrum, according to Eq. (4.2), we can have the cross-power spectrum, ܵ௫̅ଵ,௫ଶ(݂), from which the phase difference of each frequency can be obtained (Fig. 4.14). With 

Eq. (4.3), the coherence function,	ߛଶ(݂) (Fig. 4.13) can be calculated. For each position setting, 

same test will be repeated for n times, in this study, n = 3. Since the spectrum analysis is based 

on the averaged result of these n times’ tests, the function value of ߛଶ(݂) is a judge of 

coherence of those tests. If the test is repeatable, namely, the measured data is stable, the 

coherence value will converge towards one. In Fig. 4.13, the coherence values of both the 

opposite settings are close to 1 below 300kHz, and become unstable above 300kHz. Thus, only 

frequency components lower than 300kHz are adopted. However, even in this range, we can 

also see that at the frequencies near 0kHz, and 150kHz, the coherence value drops by 10% 

more or less, due to the relatively low energy distribution around there.  
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Fig. 4.13  Coherence function value for: a, transmitter on left; b, transmitter on right. 

 

 
Fig. 4.14  Phase difference of R1 and R2 for: a, transmitter on left; b, transmitter on right. 
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Fig. 4.15  Unfolded phase difference of R1 and R2 

 

Fig. 4.16  The experimental dispersion curves. 

If we unfold the phase difference in Fig. 4.14 from periodic phase to continuous one, we 

can redraw the continuous phase difference as shown in Fig. 4.15. After unfolding, the data 

points on A (98kHz) and B (195kHz) in Fig. 4.14 a and b are then located on a continuous 

phase difference curve as in Fig. 4.15. With the continuous phase difference curve, the 

experimental dispersion curves then can be plotted (Fig. 4.16) according to Eq. (4.7). In Fig. 

4.15 and Fig. 4.16, the results agree well when the transmitter is set oppositely, which shows a 

good homogeneity of the specimen. From Fig. 4.16, we can see that in the frequency range 

near 0kHz and around 150kHz, the results do not behave as expected, caused by the amplitude 

drop in frequency domain (Fig. 4.12) and coherence value drop in Fig. 4.13. 
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4.5.2 Inversion Process and Material Property Estimation 

When both the analytical (Fig. 4.2) and experimental (Fig. 4.16) dispersion curves have 

been obtained, an inversion process based on a variance function for multi-modes can be 

applied to find the most appropriate analytical curve, which has minimum difference with the 

experimental one. The variance function can be expressed as: 

௩௔௥ܨ = ∑ ൣܿ௘௫௣(݅) − ܿ௔௡௧௠௢ௗ௘௫(݅)൧ଶே௜ୀଵ ∑ ൣܿ௘௫௣(݅)൧ଶே௜ୀଵ 																																										(4.8) 
where ݅ represents each data point in the calculated frequency range and ܰ is the total 

number of data points utilized in the inversion process. The ܿ௘௫௣(݅) is the experimental phase 

velocity obtained from spectrum analysis, and the ܿ௔௡௧௠௢ௗ௘௫(݅) is the analytical phase velocity 

of the most adjacent mode with the experimental value. When there are multi-modes existing 

in the frequency range, the algorithm will calculate and compare the distances of those modes’ 

value to the experimental value, and pick up the most adjacent one into the calculation of ܨ௩௔௥. 

The value of ܿ௔௡௧௠௢ௗ௘௫(݅)  is also affected by several variables such as phase velocity of 

materials, and layer’s depth, as we discussed in Chapter 3. Here, as the epoxy layer’s depth is 

already known, we only consider two parameter variables: the epoxy layer’s longitudinal 

velocity ܿ௅ଶ and transverse velocity ்ܿଶ. Namely, the variance function can be described as: ܨ௩௔௥ = ݂(ܿ௅ଶ	, ்ܿଶ)																																																								(4.9) 
A simplex method (Nelder and Mead, 1965; Karim et al., 1990; Kundu et al., 1991) based 

minimization process is then applied to find the minimum value of ܨ௩௔௥ from an initial guess 

of ܿ௅ଶ	 and ்ܿଶ. A very small critical value will be set to cease the minimum value searching. 

Fig. 4.17 gives two examples of inversion results of two specimens with different epoxy 

materials. The same initial guess has been set for these two examples as ܿ௅ଶ = 1600m/s and ்ܿଶ = 800m/s. After 32 and 18 loops of iteration respectively, the most appropriate analytical 

curves of the two examples shown in Fig. 4.17 a and b have both been found. The variance 
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function values of the last loop, namely, the errors of these two inversion processes are 9.0e-4 

and 6.3e-4 correspondingly, which meet a good accuracy. The frequency range of the inversion 

process is from 15kHz to 230kHz, excluding the very low frequency points with low coherence 

value. Fig. 4.17 a uses the same experimental data as previous figures. From this figure, we 

can see that the interference of the 2nd wave mode has influenced the measured data around 

150kHz, in other words, in this frequency range, the 2nd mode is more easily to be excited than 

the 1st mode. Hence, the phase velocity measured around 150kHz is mainly from the 2nd mode, 

which is faster than the 1st mode. The material properties of the analytical curves are listed in 

Table 4.1, which can be used to estimate the epoxy layer material property of the specimens. 

From Fig. 4.17 and Table 4.1, we can see that the epoxy used in specimen 1 behaves more rigid 

than that in specimen 2, with higher longitude and transverse wave velocity.  

Before we conduct the inversion process, we need to check the experimental dispersion 

curve manually and get rid of those obviously deviated phase velocity points refer to the 

coherence value spectrum and phase difference spectrum. This procedure can efficiently 

increase the accuracy of the inversion and reduce the convergence time. Hence, obtaining a 

well-recognized experimental dispersion curve is the basic premise of the following inversion 

process. 

 

Fig. 4.17 Comparison of the experimental and analytical dispersion curves: a, specimen No.1; 
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Fig. 4.17 Comparison of the experimental and analytical dispersion curves: b, specimen No.2. 
The two specimens use different epoxy material. 

 
Table. 4.1  Estimated material property of two specimens.  

 

Table 4.1 lists the estimated material property of epoxy layer in two different specimens 

with different types of epoxy through ultrasonic NDE test, spectral analysis and an inversion 

process between analytical curves and experimental data. The measured longitudinal wave 

velocities are also obtained through pitch-catch ultrasonic test on cylinder samples of epoxy. A 

good agreement has been made between estimated and measured data, and the estimated values 

are slightly larger than the measured values by 3.34% and 1.16% in the two samples 

respectively. Here, the thickness of the epoxy layer is assumed to be known. In field test, 

however, the layer thickness is generally unknown, at least partially, and so are the material 

properties of concrete. These factors need to be considered together in the further research. 
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4.6 Explicit FEM Simulation and Numerical Dispersion Curves 

4.6.1 3-Dimensional Explicit Finite Element Model 

With the estimated material property, an FEM model of the steel-epoxy-concrete 3-layered 

specimen can be built. The wave propagation in the 3-layered media can be simulated and 

compared with the experimental waveform. The numerical results can help us to verify the 

feasibility of the NDE test and the accuracy of the experimental data. Through the dispersion 

curves’ comparison from the three different approaches, we can more clearly identify the most 

distinguishable and sensitive frequency range of the dispersion curves, which can be helpful in 

the choosing of the proper range of inversion process. The Explicit Finite Element Method 

(EFEM) is applied to reduce the computational cost per increment when the model is large on 

space and time approximation. In this EFEM model, we neglect the inhomogeneity of concrete 

from aggregates. The wavelength of the ultrasonic wave we used in the test is generally larger 

than the aggregates’ dimension; hence the insignificant scattering between aggregates can be 

neglected without accuracy less.  

 

Fig. 4.18  FEM model of steel-epoxy-concrete specimen 

A 3-dimensional FEM model of steel-epoxy-concrete specimen has been built (Fig. 4.18). 

The dimension of steel plate (500mm×500mm×4.5mm) is larger than epoxy layer (400mm

×400mm×5mm) and concrete block (400mm×400mm×150mm), which is the same as real 

specimen. The 8-node solid cube element is used in this simulation, with the horizontal size of 
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1mm, the vertical size of 0.9mm in steel plate, 1mm in epoxy layer and 2mm in concrete block. 

Totally 1.405e7 elements are included. For the two interfaces among steel plate, epoxy layer 

and concrete block, a fully tied condition is applied, on which the nodes in pair on the same 

interface is restricted to have the same performance. The explicit method is applied in time 

analysis, which requires a small time increment but a relatively small computational cost in per 

increment. Hence, for time discretization, time step of 1e-8s is adopted in whole analysis time 

of 3.05e-4s. To create a virtual experiment as close as the real experiment, concentrated force 

loads are applied on several nodes as an area force as the simulation of the transmitting 

transducer and its contacted area, as marked by “T” in Fig. 4.18. One period of sine wave 

(200kHz, same as the real pulser) is adopted as the input pulse. The calculated vertical 

displacement of two nodes distanced the transmitter with 60mm and 120mm, as marked by 

“R1” and “R2” in Fig. 4.18, will be approximately used as signals received by R1 and R2. The 

material constants setting in this model is the same as Specimen 2 in Table 4.1, which is the 

estimated material property of the layered specimen. 

 

 

Fig. 4.19 Simulation of wave propagation (u3) on the center section: a, at 20μs; b, at 60μs. 
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Through 3-D EFEM simulation, the wave propagation inside the 3-layer media can be 

visualized. Fig. 4.19 shows the waveform on the center section when the 3-D model has been 

cut by half vertically along the x-axis. In Fig. 4.19 a, the surface wave front has just passed 

through the spot of R1, but not yet reached R2. Also, the bulk wave front is clear shown at the 

1/2 depth of the concrete, which has already passed through two interfaces but not yet reached 

the bottom or the edge of the specimen, therefore no reflection wave from there. In Fig. 4.19 b, 

40μs after the time in a, the surface wave has traveled through both R1 and R2, meanwhile, the 

bulk wave has reached the bottom and edge and been reflected by those boundaries. However, 

from the color map, we can see that the amplitudes of the reflected bulk waves are far smaller 

than the amplitudes of surface waves and guided waves propagating in steel and epoxy layer. 

It is revealed that the amplitude’s attenuation in the concrete is much more distinct than that in 

steel and epoxy. 

4.6.2 Numerical Dispersion Curves 

Fig. 4.20 shows the waveforms on R1 and R2. Compared to Fig. 4.11, they are quite familiar 

both on shape and relative amplitude. In both numerical and experimental signals, the 

maximum amplitude of waveform of R2 is almost half of that of R1, which means the 

attenuations of the surface wave in both cases are about the same. From Fig. 4.21 a and b, we 

can see that the amplitude along frequency is gradually decreasing from low frequency to high 

frequency, especially after 200kHz, the distribution becomes quite low. Because it is impossible 

to calculate coherence function from the numerical simulation, the only approach to judge the 

reliability of the phase information is the distribution of frequency’s amplitude. If the amplitude 

is too low, the phase information is no longer useable. Also, in very low frequency part around 

0kHz, the numerical signal also meets the limitation, as almost no energy existing in that range. 
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Fig. 4.20  Vertical displacement of: a, node representing R1; b, node representing R2. 

 

Fig. 4.21  Fourier Spectra of Waveforms Shown in Fig. 4.18: a, node representing R1; 
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Fig. 4.21  Fourier Spectra of Waveforms Shown in Fig. 4.18: b, node representing R2. 

Through the same procedures as section 4.4, the numerical dispersion curves are obtained, 

as the points marked by circles in Fig. 4.22. From 20kHz to nearly 160kHz, they are quite agree 

with the experimental phase velocities and the analytical dispersion curves (the 1st Mode). In 

low frequency part (0 < f < 20kHz), the matching is not so good, similar as the experimental 

data performs. In relative high frequency part (160kHz < f ), the difference between numerical 

and experimental data shows: the numerical curve is more close to the 2nd Mode of analytical 

curve; the experimental curve is still rising, where the Rayleigh wave of 1st layer in high 

frequency starts to contribute the dispersion. From the comparison of the dispersion curves of 

these 3 types, a clear knowledge has been achieved that the most reliable frequency range for 

inversion process is (20kHz < f < 160kHz) in this case, almost same as the “hook” part of the 

1st Mode, the most distinguishable part of the analytical curves. The FEM simulation validates 

the experimental data in accuracy and also gives a support to the approach of material property 

estimation based on SASW method. 
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Fig. 4.22  Comparison of analytical, experimental and numerical dispersion curves. 

4.7 Summary 

Through dispersion curve analysis, we have found that the frequency range of 

20kHz~160kHz, around the “hook” shape part of the 1st mode, is the most distinguishable and 

sensitive part of dispersion curves for variation of elastic constants. Meanwhile, the ultrasonic 

NDE test and spectral analysis have been applied in constructing of experimental dispersion 

curves. During this test, cases with different spacings between R1 and R2 have been conducted, 

and a relatively large spacing (60mm) between receivers is recommended, for a low frequency 

range of 20kHz~160kHz is most interested. Through an inversion process based on a variance 

function for multi-modes, the matched analytical dispersion curves have been found for two 

different specimens with a good accuracy. However, the inversion process is highly related 

with the quality of experimental dispersion curves we obtained. A manual check is needed to 

exclude those obviously deviated phase velocity points with low coherence values. Based on 

the estimated material property, the numerical study by a 3-D Explicit FEM model is completed. 

From the comparison of analytical, experimental, and numerical dispersion curves, it can be 

revealed that the measured experimental dispersion curves contain multi-dispersion modes, but 

the most distinguishable and sensitive mode in inversion process is the 1st mode.  
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CHAPTER 5 

WAVE REFLECTION AND TRANSMISSION IN 

LAYERED MEDIA 

5.1 Introduction  

Besides dispersion, another important property of the multi-layered media is the reflection 

and refraction on interfaces. Especially for the way of oblique incidence that we will employed 

in the following experiments, the comprehensive knowledge of reflection and refraction 

(transmission) is necessary to be acquired. In this chapter, some basic theories, e.g. Snell’s law, 

critical angle, slowness profile et al., will be firstly introduced. Then, the boundary conditions 

of different types of interfaces, including solid-solid, solid-liquid, and liquid-solid will be 

depicted. The reflection factor equations will be deduced, by solving which, the reflection and 

transmission coefficients of each type of interface will theoretically be calculated. For practical 

application, the cases of steel-water-steel, steel-water-concrete, and steel-water-epoxy will be 

emphasized, and they will be utilized to guide and explain the nondestructive detection in 

Chapter 6.  
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5.2 Basic Theories of Reflection and Refraction 

5.2.1 Oblique Incidence and Snell’s Law 

 

Fig. 5.1  Oblique incidence and the refraction on the interface of two materials. 

Several things happen when an ultrasonic wave encounters an interface between two 

materials at some oblique angle. First of all, refraction occurs in much the same way as it occurs 

for optical light waves. Consider the diagram in Fig. 5.1, The refracted angle can be computed 

from Snell’s law [Rose, 1999]:  

ܿଵ sin ଶߠ = ܿଶ sin ଵߠ 																																																						(5.1) 
The second thing that occurs at the interface is mode conversion. Energy is distributed into 

longitudinal and transverse waves in the second material. Some energy is also reflected, where 

the angle of reflection is equal to the angle of incidence. 

Snell’s law can also be used to calculate refracted shear angles in material 2.The following 

two equations can be deduced from Snell’s law (see Fig. 5.2): 

ܿଵ௅ ݊݅ݏ ଶ௅ߠ = ܿଶ௅ ݊݅ݏ ଵ௅ߠ 																																																(5.2)	
ܿଵ௅ ݊݅ݏ ଶ்ߠ = ܿଶ் ݊݅ݏ ଵ௅ߠ 																																																(5.3)	
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Fig. 5.2  Oblique incidence, refraction, and mode conversion. 

5.2.2 Critical Angles 

Consideration of Snell’s law indicates that two critical angles exist with respect to the 

refraction process [Rose, 1999]. 

(1) The first critical angle can be defined as 

௖௥ଵߠ = sinିଵ ܿଵܿଶ௅ ଶ௅ߠ		ℎ݁݊ݓ																	 = 90°																														(5.4) 
In this case, all of the longitudinal energy is either reflected or converted to an interface 

wave. Only transverse waves remain in the second material. 

(2) Similarly, the second critical angle can be defined as 

௖௥ଶߠ = ଵି݊݅ݏ ܿଵܿଶ் ଶ்ߠ		ℎ݁݊ݓ																	 = 90°																														(5.5)	
It occurs when the transverse refracted angle is 90°. In other words, no significant energy 

is propagated through the second material; all of the energy is either reflected or transformed 

into interface wave propagation.  

However, those two critical angles would not always exist. For example, if one were to 

compute the critical angle between steel and Plexiglas, one would find that such an angle does 

not exist (sin ߠ > 1). In other words, refracted angles are less than incident angles if the wave 
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velocity in the second material is slower than in the first material. On the other hand, refracted 

angles are greater than incident angles when wave velocities in the second material are greater 

than in the first material. 

 

Fig. 5.3  Mode conversion concepts:  
(a) general L input;  (b) at θcr1;  (c) at θcr2;  (d) general T input. 

We may now summarize some important topics on mode conversion associated with the 

subject of oblique incidence analysis. Fig. depicts four possibilities of mode conversion. Fig.5.3 

(a) shows the possible waveforms produced from a longitudinal incident wave at an angle ߠ௅. 

Refracted waves in a second material may be longitudinal or transverse; reflected waves also 

may be longitudinal or transverse. The two refracted and two reflected angles can be calculated 

from Snell’s law. For longitudinal incident waves, the angle of incidence is obviously equal to 

the angle of reflection. 

Fig.5.3 (b) illustrates the situation for an incident angle wave at the first critical angle. 

Only transverse waves are propagated into the second material, with longitudinal waves going 

off at an angle of 90° and so producing an interface wave. In this case, of course, both 
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longitudinal and shear waves are reflected. Fig.5.3 (c) illustrates an incident longitudinal wave 

at the second critical angle. In this case, it is not possible to produce ultrasonic energy in the 

second material, because both transverse and longitudinal waves are reflected. In Fig.5.3 (d), 

the transverse wave reflection angle is equal to the transverse wave incident angle. 

5.2.3 Slowness Profiles for Refraction 

We will now illustrate how slowness profiles can assist us in oblique incidence studies. If 

a wave encounters an interface between two anisotropic media then wave reflection and 

refraction will occur. Let’s consider symmetric but different elliptic-type slowness profiles, as 

illustrated in Fig. 5.4 [Rose, 1999]. If a wave is incident to material 1 at a specific angle ߠ, 

then the wave vector component ݇௫ along the interface must be preserved. This is simply a 

restatement of Snell’s law: 1ܿ௣ଵ sin ଵߠ = 1ܿ௣ଶ sin ଶߠ 																																																						(5.6) 

 

Fig. 5.4  Slowness profiles for calculating refraction angle.  

Fig. 5.5 shows how slowness curves can be used to evaluate reflection angles as well as 

refraction and critical angles. For an incident transverse wave at ்ߠ, the reflected transverse 

angle will, of course, still be ்ߠ. Mode conversion does take place, and some longitudinal 

waves are reflected also. The reflected longitudinal wave angle will be ߠ௅, as illustrated in Fig. 
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5.5, with ݇௫ being preserved. Hence, the longitudinal and transverse reflection angles have 

the following relationship: 1ܿ௅ ݊݅ݏ ௅ߠ = 1்ܿ ݊݅ݏ ்ߠ 																																																						(5.7)	

 

Fig. 5.5  Slowness curves for calculating reflection angles.  

5.3 Boundary Conditions 

5.3.1 Solid-Solid Boundary Conditions 

  

Fig. 5.6  Reflection and refraction at a solid-solid media interface.  

The reflection and refraction factors for a perfectly bonded solid-solid interface are derived 

as follows. Assume that isotropic solid media 1 and 2 are two infinite half-spaces in the 
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coordinate system XYZ. That is, solid 1 is in the space ݕ > 0; solid 2, in ݕ < 0 (Fig. 5.6). 

For transverse wave incidence, we can write expressions for particle velocities; the key to 

obtaining solutions is satisfying the boundary conditions. For particle velocity ܸ and stress ߪ௜௝, the boundary conditions calling for the continuity of particle velocity and stress on ݕ = 0 

can be written as follows for shear input [Rose, 1999]: 

௬ܸ:						(்ܸூ)௬ + (்ܸோ)௬ + ( ௅ܸோ)௬ = (்்ܸ)௬ + ( ௅்ܸ )௬	
௭ܸ:							(்ܸூ)௭ + (்ܸோ)௭ + ( ௅ܸோ)௭ = (்்ܸ)௭ + ( ௅்ܸ )௭										ߪ௬௬:				(ߪூ் )௬௬ + ௬௬(ோ்ߪ) + ௬௬(௅ோߪ) = ்்ߪ) )௬௬ + ௅்ߪ) )௬௬	ߪ௬௭:				(ߪூ் )௬௭ + ௬௭(ோ்ߪ) + ௬௭(௅ோߪ) = ்்ߪ) )௬௭ + ௅்ߪ) )௬௭																							(5.8)	

Here, with ௡ܸ௠ we have ݉ as ܴ for a reflected wave, ܶ for a transmitted wave, or ܫ 
for an incident wave; ݊ is either ܮ for a longitudinal wave or ܶ for a transverse wave. For 

longitudinal input, we would consider ௅ܸூ. 
Consider now the following elastic constant-velocity relationships: 

௅ଶܿߩ = ߣ	 + ଶ்ܿߩ															,					ߤ2 = ଵߣ	(5.9)																																										ߤ	 + ଵߤ2 ଶݏ݋ܿ ௅ߙ = 	 ଵߣ) + (ଵߤ2 	(5.10)																													(்ߙ2)ݏ݋ܿ 	
Given the particle velocity-displacement relationship, the strain-displacement relationship 

from Eq. (3.2), and the stress-strain relationship (from Hooke’s law) for two-dimensional plane 

strain in isotropic media, we can obtain the stress-particle velocity relationship as follows: 

തܸ = ݐത߲ݑ߲ = 	(5.11)													(ݏ݈݁݌݅ܿ݊݅ݎ݌	݊݋݅ݐ݋݉	ܿ݅݊݋݉ݎℎܽ	݉݋ݎ݂)													തݑ߱݅
௬௬ߝ = ݕ௬߲ݑ߲ ௭௭ߝ											 = ݖ௭߲ݑ߲ ௬௭ߝ													 = 12ቆ߲ݑ௬߲ݖ + ݕ௭߲ݑ߲ ቇ																	(5.12)	
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௬௬ߪ = ௬௬ߝ൫ߣ + ௭௭൯ߝ + ௬௭ߪ									,					௬௬ߝߤ2 = 	(5.13)																									௬௭ߝߤ2
௬௬ߪ = 1݅߱ ߣ ቆ߲ ௬ܸ߲ݕ + ߲ ௭ܸ߲ݖ + ߤ2 ߲ ௬ܸ߲ݕ ቇ							,							ߪ௬௭ = 1݅߱ ߤ ቆ߲ ௬ܸ߲ݖ + ߲ ௭ܸ߲ݕቇ										(5.14)	

Substituting the particle velocities and stresses into the boundary condition equations, we 

can find the reflection factor equations, 

M൦்ܴ௅்்்ܴܦ௅்்ܦ൪ = ்ܽ	,									ܽ݊݀							M ൦ܴ௅௅ܴ௅்ܦ௅௅ܦ௅்൪ = ܽ௅	,						,ݕ݈݁ݒ݅ݐܿ݁݌ݏ݁ݎ																(5.15)  

where M is a 4 × 4 matrix: 

M = ێێێۏ
ۍ − cos ௅்ߙ 															 								 sin sin−்்ߙ ௅்ߙ 																 					 − cos ்்ߙ − cos ௅்ߚ 															 						 sin sin்்ߚ ௅்ߚ 											 							 cos ଵߣ)௅ଵ݇−்்ߚ + (ଵߤ2 cos ்்ߙ2 ்݇ଵߤଵ sin ଵߤ௅ଵ݇−்்ߙ2 sin ௅்ߙ2 −்݇ଵߤଵ cos ்்ߙ2 ݇௅ଶ(ߣଶ + (ଶߤ2 cos ்்ߚ2 −்݇ଶߤଶ sin ଶߤ௅ଶ݇−்்ߚ2 sin ௅்ߚ2 −்݇ଶߤଶ cos ۑۑے்்ߚ2

 ېۑ
(5.16) 

and, ்ܽ and ܽ௅ are 4 × 1 matrices: 

்ܽ = ۇۉ
	 sin cos்ߙ ଵߤଵ்݇−்ߙ sin ଵߤଵ்݇−்ߙ2 cos ܽ௅			ܽ݊݀							௜்,ܣۊی்ߙ2 = ۇۉ

	 − cos ௅sinߙ ଵߣ)௅݇௅ଵߙ + (ଵߤ2 cos ଵߤ௅ଵ݇−்ߙ2 sin ௅ߙ2 	(5.17)						.	௜௅ܣۊی 	 	 	 	 	 	
where ܣ௜்  and ܣ௜௅  are the amplitudes of transverse and longitudinal incident waves 

respectively. ܴ௠௡ and ܦ௠௡ are the amplitudes of the reflected or transmitted wave respectively. The 

subscript ݉ indicates the types of incident waves, and ݊ indicates the types of reflected or 

transmitted waves.  

We call the quotients of ܴ௠௡ ⁄௜்ܣ  or ܴ௠௡ ⁄௜௅ܣ  as reflection coefficients, and the 

quotients of ܦ௠௡ ⁄௜்ܣ  or ܦ௠௡ ⁄௜௅ܣ  as transmission coefficients. 
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As a sample result, Fig. 5.7 shows the reflection and transmission coefficients for oblique 

incident angles from 0° to 90° onto an aluminum-Plexiglas interface. We can find that in the 

case of longitudinal incidence (Fig. 5.7 (a)), the curves are continuous, since there are no 

critical angles. However in Fig. 5.7 (b), a discontinuity is present because of the critical angle 

for transverse incidence. 

 

 

Fig. 5.7  Reflection and transmission coefficients for oblique incidence onto an aluminum-
Plexiglas interface: (a), longitudinal incidence; (b), transverse incidence. 

5.3.2 Solid-Liquid Boundary Conditions 

The reflection and refraction factor equations for a solid-liquid interface (see Fig. 5.8) can 

be derived in the same way as those for solid-solid boundary conditions. The only difference 

(a) 

(b) 
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is the absence of shear waves in the liquid, which leads to a zero shear stress and to continuity 

of normal stress and normal particle velocity at the interface [Rose, 1999]. 

 

Fig. 5.8  Reflection and refraction at a solid-liquid media interface.  

The reflection and refraction equations under these conditions become: 

M൥ܴ௅௅ܴ௅்ܦ௅௅൩ = ܽ௅								,									M ൥்ܴ௅்்்ܴܦ௅൩ = ்ܽ																																									(5.18) 
for longitudinal and transverse incident waves respectively, and this time the matrix M is a 3 ×3 matrix: 

M = ቎ − cosߙ௅் sin ்்ߙ − cos ଵߣ)௅−݇௅ଵ்ߚ + (ଵߤ2 cos ்்ߙ2 ்݇ଵߤଵ sin ்்ߙ2 ݇௅ଶߣଶ−݇௅ଵߤଵ sin ௅்ߙ2 −்݇ଵߤଵ cos ்்ߙ2 0 ቏																(5.19)	
There is only longitudinal wave (as incident wave) in the liquid, but both longitudinal and 

transverse waves exist in the solid layer above. So the vector on RHS of the equation is: 

ܽ௅ = ൭ −cos ଵߣ)௅݇௅ଵߙ + (ଵߤ2 cos ଵߤ௅ଵ݇−்ߙ2 sin ௅ߙ2 ൱ܣ௜௅																																										(5.20)	
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்ܽ = ൭ sin ଵߤଵ்݇−்ߙ sin ଵߤଵ்݇−்ߙ2 cos 	(5.21)																																															௜்ܣ൱்ߙ2
for longitudinal and transverse incident waves respectively. 

Again we show a sample result of oblique incidence onto an aluminum-water interface in 

Fig. 5.9. We can see no critical angles in the longitudinal incidence case (Fig. 5.9 (a)), but in 

the transverse incidence case (Fig. 5.9 (b)), the critical angle occurs beyond 29°. 

 

 

Fig. 5.9  Reflection and transmission coefficients for oblique incidence onto an aluminum-
water interface: (a), longitudinal incidence; (b), transverse incidence. 

(b) 

(a) 
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5.3.3 Liquid-Solid Boundary Conditions 

 

Fig. 5.10  Reflection and refraction at a liquid-solid media interface.  

The reflection and refraction factor equations for liquid-solid boundary conditions (see Fig. 

5.10) can be obtained as before. With liquids, there is only a longitudinal wave. The reflection 

and refraction equations become [Rose, 1999]: 

N ൥ܴ௅௅ܦ௅௅ܦ௅்൩ = ܾ																																																												(5.22)	
where 

N = ቎− cosߙ௅௅ − cos ௅௅ߚ sin ଵߣ௅்−݇௅ଵߚ ݇௅ଶ(ߣଶ + (ଶߤ2 cos ௅்ߚ2 −்݇ଶߤଶ sin ௅்0ߚ2 −݇௅ଶߤଶ sin ௅௅ߚ2 −்݇ଶߤଶ cos 	(5.23)															௅்቏ߚ2
and 

ܾ = ቈ − cosߙ௅݇௅ଵߣଵ cos ௅0ߙ2 ቉																																																					(5.24)	
Consider now a sample result of oblique incidence reflection and transmission coefficients 

onto a water-aluminum interface in Fig. 5.11. The effect of the two critical angles is clear until 

the total reflection is achieved beyond 29°. 
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Fig. 5.11  Reflection and transmission coefficients for oblique incidence onto a water-
aluminum interface. 

5.4 Reflection and Transmission in Multi-layered Media 

 

Fig. 5.12  Generation of Ultrasonic wave on a steel-water-bottom layered media, and its 
reflection and transmission on the interfaces. 
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Fig. 5.12 presents the reflection and transmission of an obliquely incident longitudinal 

wave in a three layered media, where the superscripts 0, 1, 2, or 3 denote the layer’s number 

respectively. The purple arrows denote the transverse wave in the top steel plate, followed by 

the reflected and refracted waves on the interfaces 1 and 2, whereas the green arrows denote 

the longitudinal wave and its reflected and refracted waves. The reflection and transmission 

angles at each interface in the multi-layered media including a water layer can be calculated 

according to Snell’s law. In the following graphs, the incident angle ߙ௅଴ of the longitudinal 

wave in the angle-adjustable wedge made of plexiglass is taken as a variable of all the 

coefficient curves, for it is the only controllable angle in the experiment.  

5.4.1 Interface of Steel-Water 

Table 5.1  Material constants of the multi-layered media. 

Material CL (m/s) CT (m/s) ࣋ (kg/m3) 

Plexiglas 2680 1280 1200 

Steel 5870 3140 7800 

Water 1500 - 1000 

Concrete 4000 2450 2400 

Epoxy 2000 1000 1120 

Figs. 5.13 (a) and (b) show the reflection and transmission coefficients on the steel-water 

interface (Interface 1 in Fig. 5.12), subjected to longitudinal and transverse waves in a steel 

plate, respectively, as a function of the incident angle ߙ௅଴. The material constants of each layer 

are listed in Table 5.1. Now, we focus on the transmission coefficients of ܦ௅௅ଶ ௜௅ଵܣ 	⁄ and ்ܦ௅ଶ ௜ଵ்ܣ 	⁄ , since we are interested in how much energy can be transmitted through the steel-

water interface into the water layer, which is directly related to the effect of the multi-reflection 

in water. In Fig. 5.13, we can find two critical angles of ߙ௖ଵ = 27.2° and ߙ௖ଶ = 58.6°. When 

the incident angle ߙ௅଴ >  ௖ଵ, then no propagating longitudinal wave exists in the steel plateߙ
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due to the total refraction of a longitudinal wave at Interface 0. It is also noted that the reflected 

longitudinal wave of ்ܴ௅ଵ  becomes an inhomogeneous wave with amplitude decay vertically 

from the Interface 1 when ߙ௅଴ >  ௖ଵ, and is not possible to be received by the transducer onߙ

the top surface. Similarly, for ߙ௅଴ >  ௖ଶ, there is no propagating transverse wave in the steelߙ

layer. Thus no acoustic waves with the amplitude ܦ௅௅ଶ  and ்ܦ௅ଶ  exist in the water layer if ߙ௅଴ > ௅଴ߙ ௖ଵ andߙ >  ௖ଶ, respectively, as shown in Fig. 5.13 (a) and (b). It is noticed that theߙ

amplitude of the transmitted wave from the transverse wave in steel is remarkable for 30° ௅଴ߙ> < 50°, but the amplitude decreases quickly to zero for ߙ௅଴ > 50°. Also, for 0° < ௅଴ߙ < 20°, 
the amplitude of the transmitted wave from the longitudinal wave is quite large. But in this 

range, both propagating longitudinal and transverse waves exist, which may bring a 

complicated received waveform. 

 

Fig. 5.13 Reflection and transmission coefficients on the steel-water interface (Interface 1 in 
Fig. 5.12) with incident angles 0° ~ 90°: (a) longitudinal incident wave in steel layer; 

(a) 
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Fig. 5.13 Reflection and transmission coefficients on the steel-water interface (Interface 1 in 
Fig. 5.12) with incident angles 0° ~ 90°: (b) transverse incident wave in steel layer.  

5.4.2 Interface of Water-Solid 

Fig. 5.14 shows the reflection and transmission coefficients on the water-solid interface 

(Interface 2 in Fig. 5.12). The material of the bottom layer solid has three options: (a) steel, (b) 

concrete, and (c) epoxy. As to the steel plate strengthen method for RC structure, the water 

(rain water or moisture) can penetrate into the gap between steel and concrete, if epoxy is not 

used as an adhesive; or it can penetrate into the debonding interface between steel and epoxy 

when epoxy is used as an adhesive. Therefore, we need to consider the coefficients for 

reflection and transmission in these two cases. The configuration of steel-water-steel is just set 

here for the comparison with the previous two cases. 

(b) 
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Fig. 5.14 Reflection and transmission coefficients on the water-solid interface (Interface 2 in 
Fig. 5.12) with incident angles 0°~90°: (a) steel, (b) concrete, (c) epoxy as the bottom solid.  

(a) 

(b) 

(c) 
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In Fig. 5.14 (a), we can see that for a water-steel interface, the reflection coefficient ܴ௅௅ଶ ⁄௜௅ଶܣ  is very close to 1 for ߙ௅଴ < ௅௅ଷܦ ௖ଶ. Oppositely, the transmission coefficientsߙ ⁄௜௅ଶܣ  

and ܦ௅ଷ் ⁄௜௅ଶܣ  are very small. This means that once an ultrasonic wave is transmitted into a thin 

water layer between double steel plates, almost all energy of the wave is reflected back by steel 

plates and trapped as longitudinal waves in water, with few energy penetrating into the bottom 

steel plate. In the case of a water-concrete interface, the reflection coefficient is still much 

larger than transmission coefficients as seen in Fig. 5.14 (b), but compared to the water-steel 

case, more energy is transmitted into the bottom concrete. In the case of the water-epoxy 

interface, as seen in Fig. 5.14 (c), on the other hand, the amplitude of reflection coefficient ܴ௅௅ଶ ⁄௜௅ଶܣ  is smaller than transmission coefficient ܦ௅௅ଷ ⁄௜௅ଶܣ , which means more energy is 

absorbed by epoxy layer instead of being reflected. 

The calculated reflection and transmission coefficients for various material combinations 

can be used to estimate the effect of multi-reflection approach which will be introduced in the 

following section, and many phenomena occurred in the experiment can also be explained by 

those coefficients.   
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5.5 Summary 

The reflection and transmission in the multi-layered media has been discussed in this 

chapter through the figures of reflection coefficients versus incident angle changing. In the 

liquid-solid model, three different materials (steel, concrete, and epoxy) have been considered 

as the bottom solid layer, and extraordinarily good and relatively good reflection properties 

have been found in the cases of steel and concrete respectively. However, setting epoxy as the 

bottom layer will not largely reflect the energy back into the water layer, instead, absorbing it 

on quite a level. This theoretical result will influence the effect of the multi-reflection based 

detection in Chapter 7 somehow. The factor of critical angles will also give us the theoretical 

principle of the incident angle selection in the oblique incident ultrasonic wave testing in the 

following chapters. 
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CHAPTER 6 

DETECTION OF WATER LAYER IN LAYERED 

MEDIA BASED ON MULTI-REFLECTION OF 

OBLIQUE INCIDENT ULTRASONIC WAVE 

6.1 Introduction 

In this chapter, a novel detection method based on multi-reflections of oblique incident 

ultrasonic waves in high frequency range (around 5MHz) is developed, which is operationally 

effective and visually resolvable for the existence of a thin water layer in multi-layered media 

[Shen and Hirose, 2016]. Experiments are conducted for multi-layered configurations with 

different water layer thicknesses (from 1mm to 10mm). From experimental results, not only 

the water layer’s existence can be clearly distinguished, but also the water layer thickness can 

be estimated by comparing the measured time interval of reflected wave groups from received 

signals with the theoretical wave travelling time in the water layer. In the experiments, we also 

substitute different materials of steel, concrete, and epoxy as the bottom layer. It will be shown 

that different materials used as the bottom layer can affect the multi-reflection effect notably 
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and the corresponding received waveforms can be well explained by the calculated reflection 

coefficients in Chapter 5. 

6.2 Multi-reflection Approach 

When an incident wave is obliquely generated, and reflected and transmitted on a solid-

liquid interface, some energy will penetrate as a longitudinal wave into the liquid layer. When 

the thickness of the liquid layer is thin, the longitudinal wave can be reflected and refracted 

several times in the liquid layer between two solid layers, as shown in Fig. 6.1. For simplicity, 

we consider the case of ߙ௖ଵ < ௅଴ߙ <  ௖ଶ, for which only transverse waves can propagate inߙ

Solid 1 layer as discussed in the previous section. In Fig. 6.1, different colors are employed to 

stand for reflected waves with different reflection cycles in the liquid layer. Black dashed line 

denotes the wave reflected only in the Solid 1 without any propagation in the liquid. To the 

receiver, this wave group propagating along the black route will be firstly received, so called 

“first arrival wave group”. The blue, red and green lines represent the wave propagation routes 

with single, twice and triple reflections in the liquid layer, respectively. The total reflection 

times from the bottom interface depend on the reflection and transmission coefficients of 

different interfaces, and the distance between the transmitter and the receiver. Theoretically a 

longer distance can cause more reflected wave groups captured by the receiver, but the decay 

of signal will also become notable after a long way of propagation. Generally from the second 

reflection, the amplitudes of those reflected waves decrease distinctly, which will be shown in 

the later experiment part. It is noted that any down-going wave on Solid1-Liquid interface 

inside the plate will generate a new transmitted wave into the liquid, but for simplicity, those 

transmitted waves are not shown in Fig. 6.1 except the first one. 
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Fig. 6.1 Oblique incident ultrasonic multi-reflection approach to detect the thin liquid layer 
between solid layers. 

 

Fig. 6.2 Different wave groups are captured by receiver. The colors are corresponding to 
those in Fig. 6.1. 

Since the velocity of longitudinal wave in liquid is normally much smaller than the 

transverse wave velocity in solid, the wave groups transmitted back into the solid plate after 

multiple reflections in the liquid layer (blue, red, and green routes in Fig. 6.1) will be received 

sequentially behind the first arrival wave group (black route in Fig. 6.1) with a certain time 
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interval. This time interval is related with the travel time of the longitudinal wave in the liquid 

layer, namely, the propagation length in liquid, which depends on the thickness of the liquid 

layer. Hence, if there is a liquid layer under the solid plate, the receiver can capture those wave 

groups as shown in Fig. 6.2. In Fig. 6.2, those wave groups are apart from each other with an 

almost constant time interval, representing each group’s travel time in the liquid layer. 

Therefore, this phenomenon of multi-reflection can be used to detect the existence of water 

layer beneath a solid layer, judging by the received wave forms. 

 

Fig. 6.3 Calculation of theoretical time interval of two adjacent wave groups. 

In Fig. 6.3, the calculation method of the theoretical time interval between two adjacent 

wave groups is presented. Assuming the incident angle of ߙ௖ଵ < ௅଴ߙ < ௖ଶߙ , where no 

propagating longitudinal wave exists in the steel plate as mentioned in the previous section, we 

only consider a transverse wave in the solid plate. We assume that at point O, a transverse wave 

reaches the Solid 1-Liquid interface, and is separated into the reflected wave in Solid 1 with 

velocity ்ܿଵ and the transmitted wave in the liquid with velocity ܿ௪ . After the one-cycle 

travel time of the longitudinal wave in the liquid layer, the wave in the liquid reaches the 

Liquid-Solid 1 interface again at point B, and the transverse wave in Solid 1 reaches point A 

far ahead due to the faster velocity in Solid 1. Their horizontal distance is marked as ∆݀ in 
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Fig. 6.3, which is: 

∆݀ = ݀ଵ − ݀ଶ = 2ℎܿݏ݋ ߚ ൬்ܿଵ ∙ ݊݅ݏ ௪ܿߙ − ݊݅ݏ 	(6.1)																																			൰ߚ
where ℎ is the liquid layer thickness, and ߙ and ߚ are the reflection angle in Solid 1 and 

refraction angle in Liquid respectively, which can be both determined by incident angle ߙ௅଴ 

through Snell’s law. 

The longitudinal wave in the liquid can transmit into Solid 1 again after point B as 

transverse wave with velocity of ்ܿଵ, hence, the theoretical time interval of these two wave 

groups (purple and blue) is: 

ݐ∆ = ∆݈ ்ܿଵ⁄ 																																																															 (6.2)	
where ∆݈ is the distance between A and B on the direction of transverse wave propagation in 

Solid 1, namely, 

∆݈ = ∆݀ ݊݅ݏ ⁄ߙ 																																																													(6.3)	
If we can measure the time interval of wave groups from the experiment, ∆ݐ௘௫௣ , and 

substitute the theoretical time interval ∆ݐ in Eq. (6.2), then we can estimate the liquid layer 

thickness from Eqs. (6.1)~(6.3) by: 

ℎ௘௦௧ = ௘௫௣ݐ∆ ∙ ݏ݋ܿ 2ߚ ൬ 1ܿ௪ − ݊݅ݏ ଵ்ܿߚ ∙ ݊݅ݏ 	(6.4)																																																	൰ߙ
From Eq. (6.4), we can see that for a certain incident angle, the estimated liquid layer 

thickness is only proportional to the experimental time interval, ∆ݐ௘௫௣ . Hence, the 

measurement of ∆ݐ௘௫௣ is significant for the liquid layer thickness estimation. 

6.3 Ultrasonic Test 

In order to experimentally apply the multi-reflection approach to detect the existence of 
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the water layer and estimate its thickness, a specimen of steel-water-solid (steel, concrete, and 

epoxy) configuration with variable water thickness is prepared as shown in Fig. 6.4, where a 

bottom solid is concrete, steel or epoxy. Two identical transducers with variable angle are 

positioned with distance of 10cm, one as a transmitter and another one as a receiver. In each 

test, the same angle is set for both transducers. Glycerine is pasted as a couplant between the 

wedge and steel plate. Meanwhile, for comparison, the same tests are also conducted for the 

steel-concrete and steel-epoxy-concrete perfectly bonded specimens.  

In practical, the water layer thickness may not be constant due to several factors. In real 

structures, however, a debonding area is much larger than that we made in the specimen. We 

can treat the distance of 10cm between the transducer pair as a local spot on the relative large 

debonding area. In this paper, therefore, a constant water layer thickness is set in both theory 

and experiment. Also, assuming that the surfaces and interfaces are relative smooth, the effect 

of surface roughness due to corrosion is not considered here. 

 

Fig. 6.4 Experimental setup for steel-water-concrete specimen. 

Although reflection and transmission coefficients are not a function of frequency or 

wavenumber as seen in Eqs. (5.15)~(5.17), the frequency of the incident wave has significant 

effect on the practical usage of the multi-reflection approach. In a relatively low frequency 
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range (<1MHz), the width of a wave signal becomes wide, and several wave groups with 

different propagation routes are overlapped in the received waves, which makes it difficult to 

measure the arrival time of those wave groups. Hence, a relatively high frequency is 

recommended for the measurement. In this experiment, a pair of angle beam transducers with 

the central frequency of 5MHz and a one-wave square impulse wave of 5MHz are used in this 

study. Fig. 6.5 shows some details of the experiment setup. 

 

 

 

Fig. 6.5 Details of the experiment setup: (a), concrete block in a tank with 4 copper supports; 
(b), a 1mm thick copper support; (c), water been injected till half immerse the steel plate; (d), 

transducers on the steel plate; (e), epoxy plate as bottom layer; (f), aluminum supports.  

(a) (b) 

(c) (d) 

(e) (f) 
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6.4 Experimental Results and Discussion 

6.4.1 Water Layer Detection 

Fig. 6.6 clearly shows the difference between received waveforms for cases with and 

without a water layer. The blue lines are the waveforms obtained for the steel-concrete (Fig. 

6.6 (a)) and steel-epoxy-concrete (Fig. 6.6 (b)) perfectly bonded specimens; while the red lines 

are the waveforms obtained for the corresponding configurations with a water layer. The 

thickness of the water layer is 10mm, the distance between two transducers is 10cm and the 

incident angle is 35°.  

In Fig. 6.6 and subsequent figures, it is seen that the waves are received as the form of 

wave group, among which the cases of “with water layer” contain multiple wave groups, as 

explained in Fig. 6.2. At the meantime, each group consists of several wavelets. The reason of 

the generation of wavelets in a group is as follows. When wave propagates in the steel plate, it 

can be reflected many times on the top and bottom surfaces of the plate. Within the finite 

contact area of the receiver’s wedge with the steel plate, there are several reflection points, 

from which refracted waves are transmitted into the wedge [Lorenz and Lewandowski, 2012]. 

So several wavelets are observed in a wave group. A smaller incident angle can bring more 

reflection points within the finite contact area, and thus more wavelets can be seen in each 

group, as shown in Fig. 6.7. 

From Fig. 6.6 we can see that the waveforms without a water layer perfectly overlap with 

the 1st wave group of waveforms with a water layer, which reveals that the propagation of the 

1st wave group is not influenced by the water layer beneath. On the other hand, the subsequent 

reflected wave groups from the water layer differ entirely from the waveforms without a water 

layer, which can be used to distinguish the existence of a water layer effectively. Also we can 

find that the waveforms of steel-water-epoxy (Fig. 6.6 (b)) and steel-water-concrete (Fig. 6.6 
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(a)) show different behaviors on the number of reflected wave groups and the rate of signal 

decay. In the case of steel-water-epoxy, the amplitudes of reflected wave groups after the first 

one decrease fast, which is related with the relatively low reflection coefficient we obtained in 

Fig. 5.14 (c).  

 

 

Fig. 6.6 Waveform comparison between configurations with water layer (10mm) and without 
water layer: (a) comparison of signals for steel-concrete bonded specimen and steel-water-

concrete configuration; (b) comparison of signals for steel-epoxy-concrete bonded specimen 
and steel-water-epoxy configuration.  

 

(a) 

(b) 
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6.4.2 Incident Angles Selection 

Then, we discuss the characteristics of waveforms with different incident angles. To 

distinctly demonstrate the effect of the incident angle, here, we use a layered model of steel-

water-steel, for which multi-reflection effect can be seen clearly as a reference to the layered 

media of steel-water-concrete and steel-water-epoxy. Fig. 6.7 shows the received signals with 

different incident angles ߙ௅଴ = 10° to 60° for the steel-water-steel configuration. The water 

layer thickness is 10mm and the distance between two transducers is 10 cm. For the cases of ߙ௅଴ = 10° and 20°, where the incident angle is smaller than the critical angle ߙ௖ଵ , both 

longitudinal and transverse components exist as body waves in the top steel plate, as seen in 

Fig. 5.13. Multi-reflected waves from the water layer can also be refracted into the top steel 

plate as longitudinal and transverse waves. Therefore, the waveforms are very complicated as 

shown in Fig. 6.7 (a) and (b). Thus for the case of ߙ௅଴ <  ௖ଵ, reflected wave groups are notߙ

clearly demarcated and the time intervals between two adjacent wave groups are hard to be 

measured. For ߙ௖ଵ < ௅଴ߙ <  ௖ଶ, on the other hand, only transverse waves can propagate in theߙ

steel plate. As seen in Fig. 6.7 (c)~(e), therefore, the received waveforms are much simpler, 

and the first arrival wave group and the following reflected wave groups are clearly separated, 

especially for the cases of ߙ௅଴ = 40°, and 50°. Thus, it is not difficult to measure the time 

intervals between wave groups. When the incident angle is close to the critical angle ߙ௖ଶ, say, ߙ௅଴ = 50°, the reflected wave groups show fast decay in amplitude, because of sudden drop of 

the value of ்ܦ௅ଶ  near ߙ௖ଶ  as shown in Fig. 5.13 (b). For the case of ߙ௖ଶ < ௅଴ߙ , both 

longitudinal and transverse waves cannot propagate in the steel plate. The received wave is 

only a surface wave propagating along the surface, therefore in the case of ߙ௅଴ = 60°, received 

waves show small amplitudes. From the above discussion on the results shown in Fig. 6.7, it is 

concluded that the best incident angle range for the multi-reflection approach is 30°~50°. 
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Fig. 6.7 Received waveforms for the steel-water-steel configuration with different incident 
angle ߙ௅଴, ℎ=10mm: (a), ߙ௅଴ = 10°; (b), ߙ௅଴ = 20°; (c), ߙ௅଴ = 30°. 

 

(a) 

(b) 

(c) 
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Fig. 6.7 Received waveforms for the steel-water-steel configuration with different incident 
angle ߙ௅଴, ℎ=10mm: (d), ߙ௅଴ = 40°; (e), ߙ௅଴ = 50°; (f), ߙ௅଴ = 60°. 

(d) 

(e) 

(f) 
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6.4.3 Effect of Water Layer Thickness 

Next we investigate how the water layer thickness affect the received waveform, also the 

effect of bottom materials on received waves is discussed. Three different materials of steel, 

concrete and epoxy are used as a bottom layer. The thickness of the water layer is adjusted by 

changing the height of the support. Fig. 6.8 shows waveforms for steel-water-steel 

configuration when the water layer thickness is (a) 10mm, (b) 4mm, (c) 2mm, and (d) 1mm. 

The distance between two transducers is 10cm and the incident angle is 35°. In all cases, 

compared with no water cases (blue line), the reflected wave groups of water cases (red line) 

are clearly seen and distinguishable. For relatively large water layer thickness of 10mm (Fig. 

6.8 (a)), the reflected wave groups are apart each other with the large time interval (Δt), which 

can be measured easily by finding the corresponding peaks between two adjacent wave groups. 

In the reflected wave groups, we can always find the corresponding peaks with those in the 

wave group for no water configuration. For relatively small water layer thickness of 4mm (Fig. 

6.8 (b)), the reflected wave groups are compressed with shorter time intervals. For even smaller 

thicknesses of 2mm (Fig. 6.8 (c)) and 1mm (Fig. 6.8 (d)), the first arrival wave group and the 

first reflected wave group are so close, mixing with each other. This is because the water layer 

is so thin that the travel time of waves in water is too short to separate the first arrival and 

reflected wave groups apart. Thus, in principle, the multi-reflection approach utilizes the 

waveforms obtained only for the configuration with water, in which the reflected wave groups 

are separately seen from the first arrival wave group. For a case with thin water layer thickness 

(e.g. 2mm and 1mm), however, it may be difficult to separate the reflected wave groups from 

the first arrival wave group. In such a case, we recommend that the waveform for the case with 

no water layer is used as a reference to identify which wave packet belongs to which wave 

group.    
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Fig. 6.8 Received waveforms on steel-water-steel configuration with water layer thickness of: 
(a) 10mm, (b) 4mm, and (c) 2mm. The time intervals of adjacent wave groups are marked. 

(a) 

(b) 

(c) 
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Fig. 6.8 Received waveforms on steel-water-steel configuration with water layer thickness of: 
(d) 1mm. The time intervals (Δt) of adjacent wave groups are marked. 

Fig. 6.9 shows waveforms on steel-water-concrete configuration when the water layer 

thickness is 10mm (a), 4mm (b), 2mm (c), and 1mm (d). The distance between two transducers 

is 10cm and the incident angle is 35°. In all these cases, the differences between waveforms 

with and without water cases are significant. The multi-reflection effect is clear for the time 

interval measurement between wave groups. The only difference between steel-water-steel 

case and steel-water-concrete case is the decay rate of the amplitude of reflected wave groups, 

especially when the water layer thickness is relatively small as 2mm (Fig. 6.9 (c)) and 1mm 

(Fig. 6.9 (d)). In Fig. 6.9 (c), only one reflected wave group can be distinguished when the 

bottom layer is concrete, while in Fig. 6.8 (c), several reflected wave groups can be received. 

In another word, when the water layer thickness is very thin, the reflection effect in steel-water-

concrete configuration is weaker than in steel-water-steel one. This phenomena can be 

explained by taking account of the reflection coefficients for different bottom materials shown 

in Fig. 5.14.  

 

(d) 
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Fig. 6.9 Received waveforms on steel-water-concrete configuration with water layer 
thickness of: (a) 10mm, (b) 4mm, and (c) 2mm. 

(a) 

(b) 

(c) 
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Fig. 6.9 Received waveforms on steel-water-concrete configuration with water layer 
thickness of: (d) 1mm.  

 
 

Fig. 6.10 presents waveforms obtained for the steel-water-epoxy configuration. When the 

thickness is relatively large such as 10mm (Fig. 6.10 (a)) and 4mm (Fig. 6.10 (b)), the reflected 

wave groups are remarkably separated. When the thickness becomes small as 2mm (Fig. 6.10 

(c)), however, the amplitudes of the reflected wave groups decrease. In Fig. 5.14 (c), it is found 

that the reflection coefficient on water-epoxy interface is relatively small compared with the 

other two cases. Therefore it can be said that the experiment validates the theoretical results 

well. For very thin water layer, e.g. ℎ = 1݉݉ and ܦ = 10ܿ݉ in Fig. 6.10 (d), to measure 

the time interval is difficult. In that case, employing a larger distance between transducers can 

help to obtain clearer reflected wave groups, as shown in Fig. 6.10 (e), where ܦ = 20ܿ݉. 

(d) 
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Fig. 6.10 Received waveforms on steel-water-epoxy configuration: (a) h=10mm, D=10cm, 
(b) h=4mm, D=10cm, and (c) h=2mm, D=10cm. 

(a) 

(b) 

(c) 
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Fig. 6.10 Received waveforms on steel-water-epoxy configuration:  
(d) h=1mm, D=10cm, and (e) h=1mm, D=20cm. 

From the waveforms of these three configurations, we found that no matter how thick the 

water layer is, the 1st reflected wave group often shows relatively large amplitudes, 

corresponding to the distinct peaks with the first arrival wave group, which are very useful for 

time interval measurement. The following estimation of water layer thickness generally relies 

on the measurement of the 1st reflected wave groups. 

6.5 Water Layer Thickness Estimation 

From received waveforms of multi-layered media with a water layer, the time intervals of 

reflected wave groups can be measured. Table 6.1 lists the calculated and measured time 

(d) 

(e) 
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intervals of different configurations and water layer thicknesses. Incident angles from 30° to 50° are employed. The column of error is the difference ratio between each calculated ݐ߂ and 

measured ݐ߂	pairs. Then according to Eq. (6.4), the thickness of water layer in the multi-

layered media can be estimated applying different incident angles. 

Fig. 6.11 shows the estimated water layer thicknesses and the corresponding errors of 

different configurations (steel-water-steel; steel-water-concrete; steel-water-epoxy). In all the 

cases of water layer thickness of 10mm (Fig. 6.11 (a)), 4mm (Fig. 6.11 (b)), 2mm (Fig. 6.11 

(c)), and 1mm (Fig. 6.11 (d)), estimation errors ((ℎ௘௦௧ − ℎ௥௘௔௟) ℎ௥௘௔௟⁄ ) are generally less than 

10%, which are acceptable in engineering concern. When the water layer thickness is relatively 

large, e.g. 10mm for any layer configurations and incident angles, the errors are stable. For 

relatively small thicknesses (4mm, 2mm, and 1mm), errors are much influenced by incident 

angles, with generally small values between 40° and 50°. One reason of the error is the 

contact area of the receiver, which is not a single point as in theoretical consideration. Because 

of the noticeable bottom size of the transducers compared to the wave propagation distance 

between them, those wave groups are not received by a transducer at the same point, which 

may cause error in measured time interval. The measurement error can also be from the 

complicated waveform of the wave groups, each containing several wavelets, caused by the 

multiple reflections and transmissions on receiver’s wedge-plate contact area. The other factor 

for the error is the positioning of the receiver. When the top steel plate is thick (6mm in this 

study), the horizontal distance of one reflection cycle in the steel plate (see Fig. 6.3) becomes 

large. It is, therefore, important to set the receiver correctly to catch the obliquely propagated 

wave properly. 

From Fig. 6.11, it is concluded that it is practical to use calculated and measured time 

intervals of reflected wave groups in estimation of water layer thickness between two solid 
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layers. 

 

 

 

Fig. 6.11 Results of water layer thickness estimation of different configurations and different 

incident angles with water layer thickness of: (a) 10mm, (b) 4mm, and (c) 2mm.  

(a) 

(b) 

(c) 
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Fig. 6.11 Results of water layer thickness estimation of different configurations and different 

incident angles with water layer thickness of: (d) 1mm.  

Table 6.1 Calculated and measured time intervals of reflected wave groups. 

 
Steel-Water-Steel,  h=4mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 4.29E-06 4.78E-06 11.49%
35 4.35E-06 4.72E-06 8.60% 
40 4.41E-06 4.68E-06 6.08% 
45 4.48E-06 4.62E-06 3.07%
50 4.56E-06 4.76E-06 4.47% 

 
Steel-Water-Steel,  h=1mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 1.07E-06 1.16E-06 8.22% 
35 1.09E-06 1.14E-06 4.92% 
40 1.10E-06 1.14E-06 3.36% 
45 1.12E-06 1.12E-06 0.05% 
50 1.14E-06 1.06E-06 6.94% 

 
Steel-Water-Concrete,  h=4mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 4.29E-06 4.74E-06 10.55%
35 4.35E-06 4.76E-06 9.52%
40 4.41E-06 4.84E-06 9.71%
45 4.48E-06 4.78E-06 6.64% 
50 4.56E-06 4.68E-06 2.72% 

 

Steel-Water-Steel,  h=10mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 1.07E-05 1.02E-05 5.03% 

35 1.09E-05 1.03E-05 4.84% 

40 1.10E-05 1.05E-05 5.16% 

45 1.12E-05 1.05E-05 5.94% 

50 1.14E-05 1.08E-05 5.36% 

Steel-Water-Steel,  h=2mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 2.14E-06 2.34E-06 9.15% 
35 2.17E-06 2.34E-06 7.68% 
40 2.21E-06 2.34E-06 6.08% 
45 2.24E-06 2.40E-06 7.09% 
50 2.28E-06 2.46E-06 7.98% 

Steel-Water-Concrete,  h=10mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 1.07E-05 9.80E-06 8.57% 
35 1.09E-05 1.00E-05 7.78% 
40 1.10E-05 1.01E-05 8.42% 
45 1.12E-05 1.02E-05 8.80% 
50 1.14E-05 1.05E-05 8.00%

(d) 
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Steel-Water-Concrete,  h=1mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 1.07E-06 1.14E-06 6.35% 
35 1.09E-06 1.14E-06 4.92% 
40 1.10E-06 1.12E-06 1.55% 
45 1.12E-06 1.12E-06 0.05% 
50 1.14E-06 1.10E-06 3.43% 

 
 
 

6.6 Summary 

The multi-reflection method is very sensitive and effective to detect the existence of water 

layer in multi-layered media. The theory of reflection and transmission of oblique incidence in 

multi-layered media (liquid layer contained) and the coefficients can help to explain many 

phenomenon in the experiment, including effect of incident angle, effect of different bottom 

layer material, and time interval of reflected waves. The thickness of the water layer can be 

estimated through comparison of the measured time interval of reflected waves and the 

calculated wave travel time in water layer of different thicknesses. The estimation’s accuracy 

is acceptable for engineering concern, and the error may come from the choice of receiver’s 

position, the contacted area of the transducers, and the multiple reflections and transmission in 

wedge-plate contact area. This detection approach based on multi-reflection can be easily 

applied into the practical examination of water penetration in steel plate strengthened RC 

structures.  

 
  

Steel-Water-Concrete,  h=2mm 

Incident A
ngle (deg.) 

Calculated
 Δt (sec.) 

Measured 
Δt (sec.) 

Error 

30 2.14E-06 2.32E-06 8.22% 
35 2.17E-06 2.34E-06 7.68% 
40 2.21E-06 2.28E-06 3.36% 
45 2.24E-06 2.38E-06 6.20% 
50 2.28E-06 2.40E-06 5.35% 
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CHAPTER 7 

IDENTIFICATION OF REGION OF WATER 

LAYER IN MULTI-LAYERED MEDIA  

7.1 Introduction 

In Chapter 6, we have conducted the oblique incident ultrasonic testing on various multi-

layered media with relative ideal configuration setting, in order to prove the existence of water 

layer under the steel plate and to estimate its thickness. However, in the practical work, not 

only the water layer’s existence and thickness need to be confirmed, but also the region of the 

invaded water beneath the steel plate needs to be discovered. The identification of the region 

of water layer can give a guidance about the exact location and the scale of the retrofitting or 

replacement work. In this chapter, steel-epoxy-concrete and steel-concrete multi-layered 

specimens with reserved damages (debonding, delamination, and gap) are casted. Then water 

can be injected through small holes on the steel plate to generate a liquid layer inside. The same 

technique of oblique incident ultrasonic testing based on multi-reflection will be applied to 

detect the water layer beneath and to identify the boundary of this water layer. Although in 
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reality, this invaded liquid layer could be quite large and more randomly distributed, we believe 

that the same detection method that we used on the specimen can be applied in the real case 

too, for the principle is not restricted to the size of the objects. 

7.2 Procedures for Identification of Region of Water Layer 

For a relative large debonding area where water could invade into, to detect its boundary 

using the method we proposed in Chapter 6 is what we concerning in this chapter. In reality, 

the boundary of this area could be pure randomly distributed and broadly extended. However, 

we can divide the detection area by relative smaller zones as shown in Fig. 7.1. After the 

detection on all these zones are completed, we can obtain an entire identification of the water 

invasion area. For the detection of each zone, we can have several steps to estimate the 

boundary of the debonding and water invaded area. 

Step 1: Sparse detection to have a rough boundary. As presented in Fig. 7.1, set transducer 

pair (transmitter and receiver) on positions sparsely with relative large distances. If the 

waveforms received have the property of healthily bonded layered media, in another word, no 

reflected signal from the liquid layer, then, those positions can be marked with green color, as 

healthily bonded area. Oppositely, if the waveforms received contain the reflected components 

due to the liquid layer beneath, then those positions can be marked with red color, as water 

invasion area. After obtaining the markings, we can draw the middle points of each pair and 

connect them with dashed line, as the roughly estimated boundary as shown in Fig.7.1. In this 

step, the selection of detection positions can be relatively sparse, since the target of this step is 

to globally distinguish the areas of healthily bonded and water layer contained. 
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Fig. 7.1 Identification of region of water layer: step 1, sparse detection, rough boundary. 

 

 

Fig. 7.2 Identification of region of water layer: step 2, detection move, renew boundary.  
(a), from the water invasion area to the healthily bonded area; 
(b), from the healthily bonded area to the water invasion area. 

(a) 

(b) 
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Step 2: Detection move; renew the boundary. After we obtain the rough boundary, we need 

to refine the boundary with more detection positions near that boundary. The refine or renew 

work can be progressed along two paths: from the water invasion area to the healthily bonded 

area (Fig. 7.2 (a)) or oppositely (Fig. 7.2 (b)). The principle of this progress is to move the 

transducer pair gradually with short space interval with signal receiving and comparing in real 

time. As long as the received waveform changes its property (reflected components appear or 

disappear), then the new boundary can be redrawn on the middle point of the current detection 

position and the previous one. Through this much finer detection around the rough boundary, 

we can correct the boundary precisely, to meet the engineering requirement. 

Step 3: Obtain the final estimated boundary. When all the finer detections have been 

completed with renewed boundary sections, we can connect all the sections to have the final 

estimated boundary, as shown in Fig. 7.3. The accuracy of this estimated boundary depends on 

the number of the fine detection positions around the boundary and the complexity of the water 

invasion area itself. In some practical work, only the general region of the water invasion area 

is needed to know, for the following retrofitting work will not be applied so locally. In that case, 

the fine detection points can be less. However, benefiting from the easy comparison through 

waveforms directly, a much finer identification will not be so time consuming either.  

This identification is based on the fact that the detection method proposed in Chapter 6 

can distinguish the areas inside the boundary from outside the boundary, especially in the area 

close to the actual boundary. The following sections will discuss about this precondition.   
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Fig. 7.3 Identification of region of water layer: step 3, obtain final estimated boundary.  

7.3 Detection of Water Layer in Casted Multi-layered Specimens 

Before the water layer’s boundary detection, we will firstly test the capability of water 

layer’s existence detection on casted multi-layered specimens using oblique incident ultrasonic 

wave. Unlike the ideal multi-layered configuration in Chapter 6, the injected water layer in the 

casted specimen has smaller region and thickness, and it has an artificial boundary beneath the 

steel plate. Two types of specimens are casted for testing: steel-mortar-concrete type and steel-

epoxy-concrete type. For the 1st type, about 1mm thickness of water layer will be injected into 

the delamination area between steel and mortar. The using of mortar block 

(140mm×140mm×30mm) is for the manufacture convenience of the artificial delamination 

inside. Hence, the size of the water layer will be 140mm×140mm. The cross section of this 

type of specimen is shown in Fig. 7.4. For the 2nd type, about 5mm thickness of water layer can 

be injected in the gap between steel and concrete, surrounded by the 5mm thickness of epoxy 
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layer, as shown in Fig. 7.6. The size of the water layer beneath the steel plate will be 

300mm×300mm.  

In order to detect the existence of water layer inside the casted specimen, water will be 

firstly injected in through the holes reserved on the steel plate. Till confirming the water has 

penetrated into every corners of the delamination area, two transducers are then set up on the 

center part above the water layer. The distances adopted between the transmitter and the 

receiver are 8mm and 10mm in the case of the 1st type specimen. In the 2nd type specimen, the 

steel plate was painted with anticorrosive paint, which caused more decay on signal amplitude. 

Therefore, a relative small distance, 6mm between T and R is adopted.  

  

Fig. 7.4 The 1st type casted specimen: steel-mortar-concrete layered media. (Dimension: mm) 

 

Fig. 7.5 Waveforms before water injection (blue) vs. after water injection (red) on the 1st 
specimen: (a), distance between T and R is 8cm; 

(a) 
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Fig. 7.5 Waveforms before water injection (blue) vs. after water injection (red) on the 1st 

specimen: (b), distance between T and R is 10cm. 

Fig. 7.5 shows the received waveforms on the 1st specimen. The incident angle of 30 

degrees is applied in this case, and the distances between transmitter and receiver are 8cm (a) 

and 10cm (b) respectively. From both figures we can see that the overlapped part of the signals 

is quite clear, which are almost identical in water case (red) and no water case (blue). However, 

in the waveform of water case, there is additional small amplitude wave group showing among 

the overlapped part, which is actually the reflected wave from the liquid layer beneath. Since 

in the 1st specimen, the injected water layer is very thin (about 1mm), the reflected wave is 

mixed with the original wave group (the overlapped part). Due to the relative low reflection 

ability of the bottom layer, mortar, the amplitude of the reflected wave group is not so 

significant. However, the difference is already distinct to detect the existence of water layer.   

 
Fig. 7.6 The 2nd type casted specimen: steel-epoxy-concrete layered media. (Dimension: mm) 

(b) 
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Fig. 7.7 shows the waveforms received on the 2nd type specimen drawn in Fig. 7.6. In this 

case, the receiver could be located on three different positions: on the healthily bonded area, 

on the debonding area without water layer, or on the debonding area with water layer beneath. 

Hence, both comparisons are shown in Fig. 7.7. In Fig. 7.7 (a), the blue waveform stands for 

the signal received on the debonding area without water layer beneath; the red waveform stands 

for the signal received on the same position after water been injected, as shown in Fig. 7.6. 

From Fig. 7.7 (a), we can easily find the reflected wave group following the original one, with 

clear time interval between them. From these waveforms, we can not only discover the 

existence of water layer, but also estimate the thickness of it. In Fig. 7.7 (b), we can still find 

the overlapped original wave group and the reflected wave group. In this case, the blue 

waveform stands for the signal received on the healthily bonded area, namely, the steel-epoxy-

concrete layered media. Hence, the blue waveform has some additional components from the 

epoxy layer also, which is a bit complicated than the blue one in Fig. 7.7 (a). However, the 

difference in this comparison case is still very clear. 

From those waveform comparisons, we can see that on the casted multi-layered specimens, 

this detection method can successfully identify the existence of the water layer inside. 

 

Fig. 7.7 Waveform comparison on the 2nd specimen when incident angle is 35 degrees: 
(a), received waveforms before water injection (blue) vs. after water injection (red);  

(a) 
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Fig. 7.7 Waveform comparison on the 2nd specimen when incident angle is 35 degrees: 
 (b), received waveforms on healthily bonded area (blue) vs. on water injected area (red). 

7.4 Boundary Identification of The Water Layer 

The tests in Section 7.3 are all based on the received signal on the center of the water 

invaded area. The tests results can ensure that the Step 1 of the procedures of identification 

mentioned in Section 7.2 can be achieved. However, in Step 2, the detection will move forward 

to the boundary gradually, which require the detectability close to the boundary of the water 

layer beneath. Here, we will prove it to be practical.  

Two approaching orientations will be tested: parallel approaching, in which the line of 

transmitter and receiver is parallel to the boundary; vertical approaching, in which the same 

line is vertical to the boundary. 

7.4.1 Parallel Approaching 

Fig. 7.8 depicts the transducers’ setting for the parallel approaching. The transducers set 

inside the region of water layer are marked with red squares; and those set on the healthily 

bonded area are marked with green squares. Two distances between T and R are adopted: 4mm 

and 6mm. The positions of the transducers are set 2cm away from the boundary of the region 

(b) 
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of water layer, which is quite close to the boundary. The detection move is vertical to the hidden 

boundary. The reason of the parallel approaching test is to check when the transducer pair’s 

move orientation is vertical with its setting, whether or not the hidden boundary that is almost 

parallel to the transducer pair can be identified successfully. 

 

Fig. 7.8 Transducers setting for parallel approaching. (Dimension: mm.) 

 

Fig. 7.9 Waveform comparison around boundary, parallel approaching: out of water range vs. 
in water range: (a), distance between T & R is 4cm; 

(a) 
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Fig. 7.9 Waveform comparison around boundary, parallel approaching: out of water range vs. 

in water range: (b), distance between T & R is 6cm. 

Fig. 7.9 has clearly told us the feasibility of this way of approaching and transducer setting. 

When the transducer pair is set on the side of water range, reflected wave group can be received 

following the original wave group. Both the distances of 4mm and 6mm can obtain the same 

reflected components, which are notable enough to identify the hidden boundary. Closer the 

distance between T and R applies, more accurate the boundary estimation will be. 

7.4.2 Vertical Approaching 

 
Fig. 7.10 Transducers setting for vertical approaching. (Dimension: mm.) 

(b) 
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Similarly, in Fig. 7.10, the transducer setting of vertical approaching is depicted. In this 

case, the line of the transducer pair and the move orientation are both vertical to the hidden 

boundary. The closest transducer is 2cm away from the boundary. The test of this setting is also 

aimed to check the influence of transducers’ position to the effect of the detection, because in 

the real testing, we are not able to know the relation between the hidden boundary and the 

transducer pair’s setting orientation.  

 

 

Fig. 7.11 Waveform comparison around boundary, vertical approaching: out of water range 
vs. in water range. (a), distance between T & R is 4cm; (b), distance between T & R is 6cm. 

Again, we’ve got a positive answer from the waveforms we obtained in Fig. 7.11. The 

significant difference between in range (red line) and out range (blue line) cases are telling us 

(a) 

(b) 
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the location of the hidden boundary is just about the middle of their setting positions. 

Through the tests conducted closely to the hidden boundary, we have the confidence that 

the procedures of the water layer’s region identification is achievable. In the on-site detection 

of the real structure, the detection efficiency, or the detection time cost is necessary to be 

considered. However, the efficiency will sometimes influence the accuracy of boundary 

detection. How many detection points need to be set in one certain detection area, to keep a 

good balance between the detection accuracy and efficiency, require a mature optimization. 

One plan is to develop two parallel observe windows in the oscilloscope which can show the 

present waveform and the previous waveform at the same time, so that a quick comparison of 

received waveform change can be achieved. In this way, the detection move will be fast and 

also the accuracy can be assured. 

7.5 Summary 

In this chapter, an identification approach for the region of water layer beneath the steel 

plate has been proposed, and its procedures has also been presented. The feasibility of the 3 

steps of detection has been proven through the tests on the casted multi-layered specimen with 

reserved delamination or gap area between layers. In the tests, two ways of detection moving, 

the parallel and the vertical, have been employed with good detectability. Hence, the multi-

reflection method proposed in Chapter 6 has been extended here. However, the tests in this 

chapter are only based on the casted specimen, the detection on the real damaged structures is 

not yet to be done, which would become the future work to be conducted. 
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CHAPTER 8 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 Conclusions 

This research investigates the nondestructive evaluation of multi-layered media, and two 

main objectives are included: to estimate the material property of epoxy layer in steel-epoxy-

concrete layered media, and to detect water layer beneath the solid plate. Both the objectives 

have been achieved successfully through the theoretical research and the experimental work 

that have been done. The contributions of this research can be briefly summarized as follows: 

(1) Dispersion equation solving and analytical dispersion curves obtaining.  

Different types of multi-layered media have been considered according to the real 

configurations of different statuses of epoxy bonded steel plate strengthened RC slabs, 

especially the water layer contained multi-layered media. The dispersion equations of each type 

have been deduced and solved employing the upgraded bisection method. The analytical 

dispersion curves have been plotted, and the cases of with water layer and without water layer 

have been compared through the dispersion curves. Wave structures of different modes have 
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been analyzed and can be used to distinguish modes development when they are very close to 

each other or have crossing point at certain frequencies. 

(2) Experimental dispersion curves obtaining through spectral analysis of surface waves. 

A nondestructive testing of surface wave generation and receiving on a steel-epoxy-

concrete layered specimen has been conducted. The received waveforms with certain distance 

were processed using spectral analysis, and their phase difference was calculated on certain 

frequency range, based on which the experimental dispersion curves were able to be plotted. 

The position settings of transmitter and receiver were finely controlled to receive stable signals 

with high coherence values and good spectral properties. The experimental dispersion curves 

of multi-layered media with inhomogeneous material, concrete, were rarely obtained in former 

researches. 

(3) Material property estimation through inversion process of analytical and experimental 

dispersion curves. 

An inversion process based on variation function and simplex method has been developed 

for the optimization of analytical dispersion curves and experimental one. Material propertie 

of the epoxy layer was then estimated with a good accuracy. However, the inversion process is 

highly related with the quality of experimental dispersion curves we obtained. Especially, due 

to the inhomogeneity of the concrete material and the functional restrict of the transducers, 

there are deviated phase velocity points with low coherence values that need to be excluded 

manually before the inversion process. 

(4) Water layer detection and thickness estimation based on multi-reflection of oblique 

incident waves. 

A novel detection method of water layer in multi-layered media based on multi-reflection 
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of oblique incident waves have been developed. The effects of incident angles, water layer 

thicknesses, and the material properties of bottom layer have been tested and presented with 

numbers of waveforms from the experiments on different multi-layered configurations. The 

explanation of those experimental phenomenon is given according to the reflection and 

transmission coefficients. A method of water layer thickness estimation is proposed and tested 

with acceptable errors, whose possible causes are given, according to which the estimation 

could be improved. 

(5) Identification of the region of water layer. 

An identification approach of region of water layer beneath the steel plate based on the 

multi-reflection effect is developed with three steps of procedure. The feasibility of this region 

identification has also been proven through the tests on casted multi-layered specimens. Two 

possible approaches of the detection move, the parallel and the vertical ways, have been tested 

also. This identification approach of the region of water layer can be effectively applied in the 

practical detection as well. 
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8.2 Recommendations 

This research shall be continued in the following aspects: 

a. The roots searching algorithm can be improved by adding automatically modes 

distinguishing module based on wave structures, so that the dispersion curve plotting 

program can automatically select the roots in the same wave mode. It could strongly 

increase the efficiency of the plotting.   

b. The liquid detection can also be tried from the difference of the mode shape of the 1st 

mode and 2nd mode, especially from the difference of group velocities. Then a direct 

but precise group velocity measurement can tell whether or not there is water layer 

beneath. However, that group velocity measurement on multi-layered media may meet 

certain challenges. 

c. The amplitudes of the reflected wave groups shall be estimated and related with the 

calculated reflection coefficients, e.g. the multiplication of the reflection and refraction 

coefficients along wave’s propagating path. 

d. The complicated multiple reflections and transmissions in the wedge-plate contact area 

which generate the wavelets in a wave group shall be analyzed and simulated, to 

control the error level in the water layer thickness estimation. 

e. The liquid detection method and the liquid layer region identification shall be tested 

and applied in the practical NDE work in the detection of real structures. 
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